
DNF Sparsification and a Faster Deterministic
Counting Algorithm

Parikshit Gopalan

Microsoft Research

Silicon Valley

Email: parik@microsoft.com

Raghu Meka

Institute for Advanced Study

Princeton

Email: raghu@ias.edu

Omer Reingold

Microsoft Research

Silicon Valley

Email: Omer.Reingold@microsoft.com

Abstract—We give a faster deterministic algorithm for
approximately counting the number of satisfying solutions
to a DNF or CNF. Given a DNF(or CNF) f on n variables
and poly(n) terms, we give a deterministic nÕ((log logn)2)

time algorithm that computes an (additive) ε approxima-
tion to the fraction of satisfying assignments of f for
ε = 1/poly(log n). The previous best algorithm due to
Luby and Velickovic from nearly two decades ago had a
run-time of nexp(O(

√
log logn)).

A crucial ingredient in our algorithm is a struc-
tural result which allows us to sparsify any small-width
DNFformula. It says that any width w DNF(irrespective of
the number of terms) can be ε-approximated by a width w
DNFwith at most (w log(1/ε))O(w) terms. Further, our ap-
proximating DNFs have an additional “sandwiching” prop-
erty which is crucial for applications to derandomization.
We believe the sparsification result to be of independent
interest and use it to show a weak derandomization of the
switching lemma wherein the random restrictions need
only have limited independence.

I. INTRODUCTION

A natural way to present a Boolean function f :
{0, 1}n → {0, 1} is to write it as a CNF or DNF
formula. The class of functions that admit compact rep-

resentations of this form (aka polynomial size CNF and

DNF formulae) are central to Boolean function analysis,

computational complexity and machine learning.
Given a DNF formula f on n variables, the two natural

size measures are the number of terms m(f), and the

max width of a term w(f). The analogous measures for

a CNF, are the number of clauses m and clause width w.

It is folklore that every DNF formula f with m terms can

be ε-approximated by another DNFg where m(g) ≤ m
and w(g) ≤ log(m/ε), regardless of w(f). The formula

g is a sparsification of f obtained by simply discarding

all clauses of width larger than log(m/ε). In other words,

short DNFformulas can be made narrow. An analogous

statement can be derived for CNFs.

In this work, we show the reverse connection: narrow
formulae can be made short. Indeed, we prove the

existence of a strong form of approximation known

as sandwiching approximations which are important in

pseudorandomness (following [1]).

Theorem I.1. For every DNF formula f with width w
and every ε > 0, there exist sandwiching DNF formulae
f�, fu each with width w and at most (w log(1/ε))O(w)

terms such that

f�(x) ≤ f(x) ≤ fu(x) ∀x ∈ {0, 1}n,
Pr

x∈{0,1}n
[f�(x) �= fu(x)] ≤ ε.

Our result is proved by a sparsification procedure for

DNF formulae which uses the notion of quasi-sunflowers

due to Rossman [2]. The best previously known result

along these lines was due to Trevisan [3], who built

on previous work by Ajtai and Wigderson [4]. Trevisan

shows that every width w DNF can be ε-approximated

(even in the sandwiching sense) by a decision tree of

depth d = O(w2w log(1/ε)).

A corollary of our result is the following junta theorem
for DNFs. A k-junta is a function which depends only

on k variables.

Corollary I.2. Every width-w DNF f : {0, 1}n → {0, 1}
is ε close to a (w log(1/ε))O(w)-junta.

A similar but incomparable statement can be derived

from Friedgut’s junta theorem [5]. It is known that width

w DNFs have average sensitivity at most w ( [6]), so by

Friedgut’s theorem any width w DNF is ε-close to a

2Õ(w/ε)-junta. Friedgut’s result gives better dependence

on w, whereas we achieve much better dependence on ε.

Fredigut’s approximator f̃ is not a priori a small-width

DNF, and one does not get sandwiching approximations.
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A. DNF Counting and Pseduorandom Generators

The problem of estimating the number of satisfying

solutions to CNF and DNF formulae is closely tied to

the problem of designing pseudorandom generators for

such formulae with short seed-length. These problems

have been studied extensively [7], [4], [8], [9], [10], [11],

[12], [3], [1], [13], [14]. For a formula f , let Bias(f) =
Prx∈u{0,1}n [f(x) = 1]. Given a formula f , the goal of a

counting algorithm is to compute Bias(f). We refer to

the counting problems for CNFs and DNFs as #CNF and

#DNF respectively. The problem of computing Bias(f)
exactly is #P-hard [15], hence we look to approximate

Bias(f).

An algorithm gives an ε additive approximation

for Bias(f) if its output is in the range [Bias(f) −
ε,Bias(f) + ε]. It is easy to see that additive approx-

imations for CNFs and DNFs are equivalent. There is a

trivial solution based on random sampling, but finding

a deterministic polynomial time algorithm has proved

challenging.

Obtaining multiplicative approximations to Bias(f) is

harder, and here the complexities of #CNF and #DNF
are very different. An algorithm is said to be a c-
approximation algorithm if its output lies in the range

[Bias(f), cBias(f)]. It is easy to see that obtaining a

multliplicative approximation for #CNF is NP-hard.

Karp and Luby gave the first multiplicative approx-

imation for #DNF. They also showed the following

reduction between additive and multiplicative approxi-

mations for #DNF: for DNF formulae with m terms, a

deterministic (randomized) ε
m additive approximation to

#DNF can be used to give a deterministic (randomized)

(1 + ε) multiplicative approximation.

Derandomizing thes Karp-Luby algorithm is an im-

portant problem in derandomization that has received

a lot of attention starting form the work of Ajtai and

Wigderson [4], [16], [10], [12], [11], [3]. The best

previous result is due to Luby-Velickovic [10], [11]

from nearly two decades ago: they gave a deterministic

nexp(O(
√
log logn)) time algorithm that can compute an

ε-additive approximation for any fixed constant ε [10],

[11].

A natural approach to this problem is to design pseu-

dorandom generators (PRGs) with small seeds that can

ε fool depth two circuits. This problem and its general-

ization to constant depth circuits are central problems in

pseudorandomness [1], [3], [8], [9], [11]–[14], [17] .

Definition I.3. A generator G : {0, 1}r → {0, 1}n ε-

fools a class F of functions if

| E
y∈u{0,1}r

[f(G(y))]− Bias(f)| < ε

for all f ∈ F . The function G should be polynomial time
computable.

A generator with seed-length r that ε-fools DNFs

with m clauses gives a an ε-additive approximation for

Bias(f) in poly(m,n, 2r) time by enumerating over all

seeds. Such an algorithm only requires black-box access

to f . The Krap-Luby reduction implies that an opti-

mal psedurandom generator for DNFs with seedlength

O(log(mn/ε)) will give a deterministic multiplica-

tive approximation algorithm for #DNF. The Luby-

Velikovic algorithm is a not a black-box algorithm, but

PRGs for small-width DNFs are an important ingredient.
Our Results: We use our sprasification lemma to give

a better PRG for the class of width w DNFformulae on

n variables, which we denote by DNF(w, n).

Theorem I.4. For all ε, w > 0, there is a generator that
ε-fools DNF(w, n) and has seed-length

r = Õ(w2 + log2(1/ε) + log log n).

In comparison, Luby and Velickovic [11] give a PRG

with seed-length O(2w + log log n) for fooling width w
DNFs. Note that for w = O(log log n), the seed-length

of the our generator is Õ((log log n)2), whereas Luby

and Velickovic need seed-length logO(1) n.

The generator for small-width DNFs is a crucial

ingredient in the Luby-Velickovic counting algorithm.

Given our improvement, we can improve and simplify

their analysis to get a faster deterministic counting

algorithm. This is the first progress on this well-studied

problem in a while. In addition, we can allow for smaller

values of ε. The dependence on ε is important since to

get a multiplicative approximation using the Karp-Luby

reduciton, one requires ε to be polynomially small.

Theorem I.5. Given any polynomial size DNFf :
{0, 1}n → {0, 1}, there is a deterministic algorithm run-
ning in time nÕ((log logn)2) that computes an ε-additive
approximation to Bias(f) for ε = 1/(log n)O(1).

As an additional application of our sparsification re-

sult, we give a partial derandomization of the switching

lemma. The parameters we obtain are close to that of the

previous best results due to Ajtai and Wigderson [4] and

perhaps more importantly, our argument is conceptually

much simpler involving iterative applications of our

sparsification result and a naive union bound. We defer

the details to Section II-C.
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II. OUTLINE OF RESULTS

We first describe the proof of our sparsification result

as it plays a crucial role in our final algorithm for

approximating the number of solutions to DNFs.

A. DNFSparsification

For intuition, we first describe how to get a

weaker version of Theorem I.1 with a bound of

(2w log(m/ε))O(w).

Fix a width w DNFf = T1∨T2∨· · ·∨Tm : {0, 1}n →
{0, 1} and for simplicity suppose that f is monotone; the

arguments work almost unchanged for the general case.

The starting point of our sparsification result is the idea

of using the Erdős-Rado sunflower lemma in the context

of DNFs originally due to Luby and Velickovic [11]. If

m > w!(k − 1)w for some k, then by the Erdős-Rado

sunflower lemma, f has a sunflower of size k. Here, a

sunflower is a collection of terms Ti1 , . . . , Tik such that

for T = ∩k
j=1Tij , the sets Tij \ T are disjoint (we let T i

denote the set of variables occurring in Ti as well).

Now, consider the formula f ′ obtained from f by re-

placing the terms Ti1 , Ti2 , · · · , Tik with T . Then, f(x) ≤
f ′(x). Further, f ′(x) = 1 and f(x) = 0 only if the

assignment x does not satisfy any of the terms Tij \ T
for j ∈ [k]. Therefore, for x ∈u {0, 1}n,

Pr[f ′(x) �= f(x)] ≤

Pr[x does not satisfy ∨k
j=1 (Tij \T )] ≤

(
1− 1

2w

)k

,

where the last inequality follows from the fact that the

terms Tij \T are disjoint and each has width at most w .

Thus, if k = 2w ln(mw/ε), the error in approximating f
by f ′ is at most ε/mw. We can now iteratively apply the

above argument as long as the number of terms is larger

than w!(k−1)w and in each application we simplify the

formula by shrinking at least one of the terms. Thus,

we only need repeat the process at most mw times,

obtaining an upper approximating formula fu with the

promised bound on the number of terms, f ≤ fu and

error Bias(fu)− Bias(f) ≤ (mw) · (ε/mw) = ε.

We next describe the construction of the lower ap-

proximating formula f�. We start by finding a sunflower

Ti1 , · · · , Tik as in the construction of fu. Now consider

a formula f ′′ obtained from f by dropping one of the

terms, say Ti1 . Then, f ′′(x) ≤ f(x). Further, by an

argument similar to the above,

Pr[f ′′(x) �= f(x)] ≤

Pr[x does not satisfy ∨k
j=2(Tij\T )] ≤

(
1− 1

2w

)k−1
<

2ε/mw.

We now iteratively apply the above step to obtain a

formula f� with the promised number of terms, f� ≤ f
and Bias(f)− Bias(f�) ≤ m(2ε/mw) ≤ ε.

Note that the above argument already beats the pre-

vious best width vs size trade-off results which needed

approximations by 22
O(w)

term DNFs [3], [4]. (Strictly

speaking, we have a (logm)O(w) dependence on m
which could be worse. However, the dependence on m
can be eliminated by a more careful calculation of the er-

ror and we ignore this issue in this informal description).

To prove the stronger version of Theorem I.1, observe

that the main property of the sunflower system we used

above is that the formula (Ti1\T )∨(T2\T )∨· · ·∨(Tik\T )
is highly biased towards 1. As shown by Rossman [2],

we can guarantee the existence of such “quasi-sunflower”

systems satisfying the above weaker property, even when

the number of terms is much smaller than in the usual

sunflower lemma. We then carefully adapt our argument

to use quasi-sunflowers instead of sunflowers, to obtain

Theorem I.1.

B. The Deterministic Counting Algorithm

As a first step towards our final counting algorithm for

DNFs, we give a pseudorandom generator (PRG) that δ-

fools width w DNFs on n variables with seed-length

Õ(w2 + log2(1/δ)) + O(log log n). Our seed-length is

exponentially better than that of Luby and Velickovic

in terms of width and this improvement turns out to be

critical in improving the counting algorithm for general

DNFs.

The improved generator for small-width DNFs works

as follows: We first use our sparsification result to

reduce the case of fooling width w DNFs with an

arbitrary number of terms to that of fooling width w

DNFs with 2Õ(w) terms and then apply recent results

(Theorem IV.1, [14]) showing that small-bias spaces with

exp(−Õ(log2m))-bias fool DNFs with m terms. The

fact that our sparsification in fact gives sandwiching

approximators is critical for this step.

We are now ready to present our deterministic algo-

rithm for approximating the number of satisfying solu-

tions to a DNF. The high level outline of the algorithm is

similar to that of Luby and Velickovic and is as follows.
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Let f = T1∨T2∨· · ·∨Tm be a DNFon n variables with

m = poly(n). Without loss of generality suppose that f
has width at most O(log n).

Let H : [n] → [t] be a family of O(log log n)-wise

independent hash functions for t = O(log n). We choose

a hash function h ∈u H and partition [n] into t “buckets”

by setting Bj = {i : h(i) = j} for j ∈ [t]. Then, for any

i ∈ [m] with probability at least 1 − 1/poly(log n), the

term Ti will be split almost evenly across the buckets so

that maxj∈[t] |Bj ∩ Ti| < w = O(log log n). Call a term

Ti bad if the above property is not satisfied.

Let f ′ denote the DNFobtained by dropping all the

bad terms. We now wish to exploit the fact that when

restricted to the coordinates within a single bucket Bj ,

f ′|Bj
is a width at most w DNF. So we can use our

generator for small-width DNFs to fool f ′|Bj
for any

arbitrary fixing of the variables in the remaining buckets.

We now use a hybrid argument to show that f ′ is fooled

by the generator which uses independent copies of the

generator from Theorem IV.1 within each of the t buckets

B1, B2, . . . , Bt. The seed-length of the final generator

for fooling f ′ is t · Õ(w2+ log log n) = Õ(log n). Thus,

we can in particular estimate the bias of f ′ determinis-

tically within an additive error of 1/poly(log n) in time

exp(Õ(log n)).
Finally, we need to relate the bias of f ′ with that of f .

This simply follows from the fact that each term Ti of f
is not in f ′ with a probability of at most 1/poly(log n).
Combining the above arguments and setting the parame-

ters appropriately, we get a deterministic exp(Õ(log n))
time algorithm for approximating the bias of f within

an additive 1/poly(log n) error.

C. Derandomizing the Switching Lemma

The switching lemma [18] is one of the central tech-

niques in proving lowerbounds for small-depth circuits

and says the following.

Given L ⊆ [n] and x ∈ {0, 1}[n]\L define a restriction
ρ ≡ ρL,x ∈ {∗, 0, 1}n by ρi = ∗ if i ∈ L and ρi = xi
otherwise. We call the set L ≡ L(ρ) as the set of “live”

variables. For f : {0, 1}n → {0, 1}, and ρ ∈ {∗, 0, 1}n,

define fρ : {0, 1}L(ρ) → {0, 1} by fρ(y) = f(x),
where xi = yi for i ∈ L(ρ) and xi = ρi otherwise.

Given a distribution D on 2[n], let D (abusing notation,

the meaning will be clear from context) denote the

distribution on ρ ∈ {∗, 0, 1}n by setting ρ = ρL,x where

L ← D and x ∈u {0, 1}[n]\L. Finally, for p ∈ (0, 1),
let Dp denote the distribution on subsets L of [n] where

each element i ∈ [n] is present in L independently with

probability p.

Theorem II.1 (Switching Lemma, [18]).
Let f : {0, 1}n → {0, 1} be a DNF
of width w and let ρ ← Dp. Then,
Pr[fρ cannot be computed by a decision tree of depth s]
< (5pw)s.

Given the fundamental nature of the switching lemma

it is natural to ask if there exists a derandomized version

of the switching lemma in the sense of choosing the

set of live variables in a pseudorandom way. One could

even ask for a stronger derandomization where the

assignments to the non-live variables are also chosen

pseudorandomly, however, this is unnecessary for most

interesting applications and we limit ourselves to the

former case here.

The only result we are aware of in this direction is

that of Ajtai and Wigderson [4].

Theorem II.2 ( [4]). For all γ > 0, p < 1/nγ ,
there is a distribution D on

(
[n]
pn

)
with L ← D

samplable using Oγ(log n) random bits such that the
following holds. For ρ ← D, and any polynomial size
DNFf , Pr[fρ depends on more than Oγ(1) variables]
< 1/poly(n).

Here, we give a different argument that essentially

recovers the result of Ajtai and Wigderson and further

gives a trade-off between the survival probability p, the

complexity of the restricted function and the failure

probability of the restriction. Our argument is much

simpler than those of Hastad and Ajtai and Wigderson

involving iterative applications of Theorem I.1.

Theorem II.3. There exists a constant C such that for
any w, s, δ > 0 and p < δ/(w log(1/ε))C logw, there is a
distribution D on 2[n] such that L← D can be sampled
using

r(n, s, ε, δ) = O ((logw) · (log n+ s log(1/δ)) +

w log(w log(1/ε)))

random bits, the indicator events 1{i ∈ L} are
p-biased and the following holds. For any width
w DNFf : {0, 1}n → {0, 1}, and ρ ← D,
Pr[fρ is not ε-strongly approximable by width s DNFs]
< ε+ δs/4.

In particular, by setting δ = 1/nγ , s = Θ(1/γ),
ε = 1/poly(n), w = O(log n), we almost recover the

derandomized switching lemma of Ajtai and Wigder-

son, with the main difference being that we need

O((log n)(log log n)) bits to sample from D and we only

get fρ is strongly approximable by width Oγ(1) DNFs.
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We remark that if instead of finding a small set

of restrictions that work for all formulas f , we are

given the formula f as input, Agrawal et al. [19] give

a polynomial-time algorithm to find a restriction that

simplifies the formula as well as the bounds given by

the switching lemma Theorem II.1.

Our derandomization is based on the intuition that the

switching lemma is easier to show when the number of

terms in the original DNFf is small in terms of the width

w of f . For example, let f = T1 ∨ T2 ∨ · · · ∨ T2w be a

width w DNF. Note that for 0 < p < 1, and ρ← Dp, the

probability that a single term Ti survives the restriction

fρ (is not set to be a constant) is at most

w∑
i=1

(
w

i

)
pi((1− p)/2)w−i <

(
1 + p

2

)w

.

In particular if p < 1/w, the above probability is

at most e/2w. Thus, by linearity of expectation, the

expected number of terms that survive the restriction

is at most O(1). Hence, by Markov’s inequality, the

restricted DNFfρ has very few surviving terms with

high probability. Further, as we are only using Markov’s

inequality, the above argument would work even if the

restriction ρ is sampled from a distribution where the

choices for different variables are only k-wise indepen-

dent for k > w.

The idea now is to use our sparsification result The-

orem I.1 to first reduce the case of arbitrary DNFs of

small-width to that of DNFs with a small number of

terms and then use an argument similar to the above.

Unfortunately, the bound in Theorem I.1 is not enough to

directly yield a strong bound on the expected number of

surviving terms (and such a strong bound is not possible

in general). However, there is a lot of slack in the above

argument, as for instance even if the number of surviving

terms is large, most of them have much smaller width

in the restriction. We exploit this fact as follows.

Observe that for any r ≥ 1, a random restriction

fρ with probability p = w−O(r) of being alive, can be

viewed as the result of a sequence of r random restric-

tions each with a 1/wO(1) fraction of live variables. We

use the latter view and argue that in each round, when we

take a random restriction with 1/w fraction of variables

surviving, the width of the formula decreases by half

with high probability and then iteratively apply the

argument to the new width w/2 formulas. The number of

rounds needed to simplify the formula to constant width

would be roughly O(logw) and this corresponds to a

random restriction where the probability of being alive is

exp(−Ω(log2w)). Moreover, throughout our arguments

only rely on upper bounds on the probability that a set

of at most w variables remain alive and hence carry

over straightforwardly to the case where the random

restrictions only have limited independence, yielding

Theorem II.3.

III. DNF SPARSIFICATION

We shall use an extension of the classical sunflower

lemma of Erdős and Rado due to Rossman [2].

Call a DNF f unate if no variable has both itself and

its negation appearing in the formula.

Lemma III.1 (Quasi-Sunflower Lemma, [2]). For any
unate DNF f ≡ T1 ∨ · · · ∨ Tm of width at most w,
there exists a collection of terms Ti1 , . . . , Tis such that
for Y = ∩s

j=1Tij ,

Pr
x∈u{0,1}n

[x satisfies (Ti1\Y )∨(Ti2\Y ) · · ·∨(Tis\Y )] >

1− exp

(−(m/w!)1/w

2.47

)
.

Rossman states the result in the language of set sys-

tems, which we have rephrased in the language of DNFs.

We show the equivalence of the two in the appendix. As

mentioned in the introduction, the above lemma is an

extension of the classical sunflower lemma in the sense

that even though the “petals” (Tij \Y ) are not necessarily

disjoint, we have a guarantee that the probability that

none of them is satisfied is small.

We also need the following simple facts.

Fact III.2. For any width w DNF f = T1∨T2∨· · ·∨Tm

with no clause containing a variable and its negation,
there exists a sub-formula f ′ = Tj1 ∨ · · · ∨ Tjs that is
unate and s ≥ m/2w.

Proof: Pick a random set of literals S as follows:

for each of the variables xi add one of xi or x̄i to

S uniformly at random. Let fS be the sub-formula

of f formed of terms containing only literals from S.

Then, fS is always unate and by linearity of expectation

E[Size of fS ] ≥ m/2w.

Fact III.3. If f = T1 ∨ T2 ∨ · · · ∨ Ts is a unate DNF,
then,

Pr[T2 ∨ T3 ∨ · · · ∨ Ts = 0] ≤ 2|T1| Pr[f = 0].

Proof: Without loss of generality suppose that f is

monotone. Let f ′ = T2 ∨T3 · · · ∨Ts. Then, Pr[f = 0] =
Pr[T1 = 0] · Pr[f ′ = 0|T1 = 0]. Now, as f is monotone,
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Pr[f ′ = 0|T1 = 0] ≥ Pr[f ′ = 0]. The claim now follows.

We can now prove the main structural result.

Proof of Theorem I.1: Let f = T1 ∨T2 ∨ · · · ∨Tm.

Without loss of generality assume that no term Ti con-

tains a variable and its negation. Let f1 be a unate sub-

formula of f with at least m/2w clauses as guaranteed by

Fact III.2. Let c = 2.47 be the constant in Lemma III.1.

Further, assume that ε < 1/6.

By Lemma III.1, there exists a collection of terms

Ti1 , . . . , Tis from f1 and a subset of literals Y that does

not contain both a variable and its negation such that for

x ∈u {0, 1}n,

Pr[x satisfies (Ti1 \ Y ) ∨ · · · (Tis \ Y )] >

1− exp

(−(m/2ww!)1/w

c

)
≡ 1− δw(m). (III.1)

We first show the existence of a smaller lower-

sandwiching DNF. Let f ′ be the formula obtained from f
by dropping the term Ti1 . Then, if an assignment satisfies

f ′ it also satisfies f . Hence, f ′(x) ≤ f(x) for all x.

Furthermore, by Equation III.1, and Fact III.3,

Pr
x∈u{0,1}n

[f(x) = 1 ∧ f ′(x) = 0] ≤
Pr[x does not satisfy (Ti2 \ Y ) ∨ · · · ∨ (Tis \ Y )] ≤

2w Pr[x does not satisfy (Ti1 \ Y ) ∨ · · · ∨ (Tis \ Y )] <

2wδw(m).

Recall that W = w3w(50 log(1/ε))w. We now iterate

the argument untill we get a formula f� with at most

W terms. The total error will be (we defer the tedious

calculation to the appendix)

E[f(x)]− E[f�(x)] <

m∑
j=W+1

2wδw(j) < ε. (III.2)

We next show the existence of the upper sandwiching

DNF fu. Find terms Ti1 , . . . , Tis as in Equation III.1.

Let 1 ≤ j ≤ s be such that Y � Tij . Let f ′′ be the

formula obtained from f by replacing the term Tij with

Y (if Y is empty we use constant 1). Note that if an

assignment satisfies f , then it also satisfies f ′′. Thus,

f(x) ≤ f ′′(x) for all x. On the other hand, if f ′′(x) = 1,

then for f(x) to be 0, x must not satisfy any of the terms

Ti1 \Y, Ti2 \Y, · · · , Tis \Y . Therefore, by Equation III.1,

Pr
x∈u{0,1}n

[f(x) = 0 ∧ f ′′(x) = 1] ≤ δw(m).

In particular E[f(x)]−E[f ′′(x)] ≤ δw(m). We can now

apply the argument iteratively until we get a formula

fu with at most W terms. Every time we apply the

argument, we reduce the width of at least one of the

terms by at least one. Therefore, the total error incurred

will be at most (we again defer the calculation to the

appendix):

E[fu(x)]− E[f(x)] <

m∑
j=W+1

(jw)δw(j) < ε. (III.3)

A similar argument shows the lemma for CNFs.

IV. FOOLING SMALL-WIDTH DNFS

We next use our sparsification result to construct a

pseudorandom generator for small-width DNFs, obtain-

ing an exponential improvement in terms of the width

over the generator of Luby and Velickovic [11].

We say a generator G : {0, 1}r → {0, 1}n δ-fools a

class of functions F if |Bias(f)−Bias(f ◦G)| < δ. We

refer to r as the seed-length of G and say the generator G
is explicit if there is a polynomial (in n) time algorithm

that can compute G.

Theorem IV.1. For all δ, w > 0, there exists an explicit
generator G : {0, 1}r → {0, 1}n that δ-fools width w
DNFs on n variables and has seed-length

r = O
((
w2 + log2(1/δ)

) · (log3w + log2 log(1/δ)
)
+

log log n) = Õ
(
w2 + log2(1/δ)

)
+O(log log n).

We prove the theorem as follows: We first use our

sparsification result to reduce the case of fooling width

w DNFs with an arbitrary number of terms to that of

fooling width w DNFs with 2Õ(w) terms and then apply

the recent results showing that small-bias spaces with

exp(−Õ(log2m))-bias fool DNFs with m terms.

Definition IV.2 (k-wise ε-biased spaces). A distribution
D over {0, 1}n is said to be (k, ε)-biased space if for
every set I ⊆ [n], 1 ≤ |I| ≤ k, |Prx←D[⊕i∈Ixi =
1]− 1/2| < ε.

There exist explicit (k, ε)-biased spaces that require

only O(k + log(1/ε) + log logn) bits to sample from –

see [20].

Finally, we need the following result of De et al. [14]

showing that small-biased spaces fool DNFs.

Theorem IV.3. There exists a constant C such that
for every δ > 0 a DNF f : {0, 1}n → {0, 1} with
m terms is δ-fooled by (k, ε)-biased distributions for
k = O(log2(m/δ)), ε = (log(m/δ))−C(log(m/δ))2 .
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De et al. prove the above statement only for the case

of k = n, however, their argument extends straight-

forwardly to the above case as well. (De et al. prove

the result by constructing small �1-norm sandwiching

approximators, which also happen to be of degree at

most O(log2(m/δ))).

We are now ready to prove the main result of this

section. We use the following simple fact.

Fact IV.4. Let f�, f, fu : {0, 1}n → {0, 1} be such that
f�(z) ≤ f(z) ≤ fu(z) for all z. Then, for any two
distributions D1,D2 on {0, 1}n, and x← D1, y ← D2,

|E[f(x)]− E[f(y)]| < |E[f�(x)]− E[f�(y)]|+
|E[fu(x)]− E[fu(y)]|+ |E[fu(x)]− E[f�(x)]|.

Proof of Theorem IV.1: We claim that (k, ε)-
biased spaces fool width w DNFs for k = c(w2 +
log2(1/δ))(log2w + log2 log(1/δ))) and ε = k−Ck2

for c, C sufficiently large constants. Let f be a width

w DNF. Let f�, fu be width w DNFs with at most

w3w(C log(1/δ))w terms that δ-strongly approximates

f as in Theorem I.1. Let D be a (k, ε)-biased space

for c, C sufficiently large so that by Theorem IV.3, for

x ∈u {0, 1}n and y ← D,

|E[fu(x)]− E[f�(x)]| < δ, |E[f�(x)]− E[f�(y)]| < δ,

|E[fu(x)]− E[fu(y)]| < δ.

The theorem now follows from Fact IV.4 applied to

random variables x, y.

V. DETERMINISTIC COUNTING FOR DNFS

We now plug the better PRG for small-width DNFs

from the previous section into the Luby-Velickovic

counting algorithm [11]. The better seed-length means

that we do not need to balance various parameters as

carefully, and can redo their arguments with simpler and

better settings of parameters.

We need the following lemma about k-wise indepen-

dent hash functions.

Lemma V.1. Let H : [n]→ [t] be a k-wise independent
family of hash functions. Then, for every set S ⊆ [n],
|S| ≤ kt,

Pr
h∈uH

[ |h−1(1) ∩ S| ≥ 6k ] ≤ 2−k.

Proof: Without loss of generality suppose that

S = {1, . . . , kt}. Let X1, . . . , Xkt be indicator random

variables that are 1 if h(i) = 1 and 0 otherwise. Then,

Pr
h∈uH

[ |h−1(1) ∩ S| ≥ 6k ] ·
(
6k

k

)
≤

E

⎡
⎣ ∑
I⊆[kt],|I|=k

∏
i∈I

Xi

⎤
⎦ ≤

(
kt

k

)
· 1
tk
≤ ek.

The lemma now follows.

Theorem V.2 (Main). There exists a deterministic algo-
rithm that given a width W DNF formula f : {0, 1}n →
{0, 1} with m terms computes a number p such that
|p−Bias(f)| < ε in time O(m · nO(log(W/ε)) · exp(W ·
Õ(log2(W/ε) + log logn))). In particular, for any DNF
of polynomial size, the run time is nÕ((log logn)2) to get
error ε = 1/poly(log n).

Proof: The second part follows immediately from

the first as for the purpose of approximating the bias

within error ε, any DNF with m = poly(n) terms

can be assumed to have width at most log(m/ε) =
O(log(n/ε)). This is because we can truncate any terms

with more than log(m/ε) variables to log(m/ε) variables

with only a loss of ε/m in the bias. We now show the

first part.

Let H = {h : [n] → [t]} be a family of k-wise

independent hash functions for k = log(W/ε) and

t = W . Let f = T1 ∨ T2 ∨ · · · ∨ Tm.

Pick a random hash function h ∈u H and let Bj =
{i : h(i) = j}. Call a term Ti bad if maxj∈[t] |Bj ∩S| >
log(W/ε). Let fh be the formula obtained from f by

dropping all the bad terms. We claim that the bias of f
and bias of fh are close most of the time.

Claim V.3. |Bias(f)− Eh[Bias(fh)]| < ε.

Proof: As fh is obtained by dropping a few terms in

f , Pr[fh(x) = 1] ≤ Pr[f(x) = 1] for every hash function

h. Further, if x ∈ {0, 1}n is a satisfying assignment

for f , then x satisfies at least one of the terms, say

Ti, of f . Now, by Lemma V.1 and a union bound, the

probability that the term Ti is not included in fh is

at most ε. Therefore every satisfying assignment is a

satisfying assignment for fh with probability at least

1− ε. The claim now follows.

Fix the choice of the hash function h ∈ H. We next

show how to approximate the bias of fh. Let w =
log(W/ε). Let Gw be the generator from Theorem IV.1

that fools width w DNFs with error at most δ = ε/W
and seed-length rw as in the theorem.

Define a generator G : ({0, 1}rw)W → {0, 1}n as
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follows:

G(z1, . . . , zW ) = x, where for j ∈ [W ], x|Bj
= Gw(zj).

(V.1)

That is, G takes an independent copy of Gw in each of

the W buckets B1, . . . , BW . We claim that G fools fh
with error at most ε. To see this, first observe that for

any j ∈ [W ] and for any arbitrary fixing of the variables

xi, i /∈ Bj , the formula fh restricted to the variables in

Bj is a DNF with width at most w. Thus, the restriction

of fh to variables in Bj is fooled by the generator Gw

with error at most δ by Theorem IV.1. For j ∈ [W ] let

D0 be the uniform distribution over {0, 1}n and let Dj

be the distribution obtained from Dj by replacing the

variables in bucket Bj with an independent copy of the

generator Gw. Then, the above argument shows that for

j ≥ 1,

| Pr
x←Dj−1

[fh(x) = 1]− Pr
x←Dj

[fh(x) = 1]| < δ.

As DW is the same distribution as the output of G, it fol-

lows from an iterative application of the above equation

that G fools fh with error at most Wδ = ε. In particular,

we can estimate Bias(fh) within error ε by evaluating

fh at the support of the output of G and computing the

fraction of satisfying assignments. Thus, evaluating fh
at the support of G for all h ∈ H gives us the desired

estimate for the bias of f by Claim V.3. The bound on

the runtime follows from the fact that G has support

exp(W · Õ(log2(W/ε) + log log n)), |H| = nO(log(W/ε)

and we only need O(m) time per each evaluation of fh
at an assignment.

VI. A DERANDOMIZATION OF SWITCHING LEMMA

For k ≤ n, let Dp(k) denote the class of distributions

on subsets L ⊆ [n] where the indicator random variables

1{i ∈ L} are p-biased and for any I ⊆ [n], |I| ≤ k,

Pr[I ⊆ L] ≤ 2p|I|. Note that there exist explicit

distributions D ∈ Dp(k) that can be sampled using

O(k log(1/p) + log n)-random bits (for instance, one

can use pk-almost k-wise independent p-biased variables

such as those constructed in [20]).

We first prove Theorem II.3 assuming the following

claim.

Claim VI.1. There exists a constant c < 1 such
that the following holds for all δ, ε, s > 0 and p ≤
p(w, s) ≡ cδs/2w/(w3 log(1/ε))2. For any width w DNF
f : {0, 1}n → {0, 1} and ρ← D ∈ Dp(w), with proba-
bility at least 1− δs/4 − ε there exist width w/2 DNFs
f �, fu : {0, 1}Lρ → {0, 1} such that f � ≤ fρ ≤ fu and
Bias(fu)−Bias(f �) < ε.

Proof of Theorem II.3: As described in the in-

troduction, the proof will be by alternately applying

Theorem I.1 and Claim VI.1.

Let t be such that w/2t = s and for r = 1, . . . , t, let

pr = p(w/2r, s) as defined in the above claim. For i ∈
[t], let Li be chosen independently from a distribution

in Dpi
(w/2i). Let L = ∩t

i=1Li and for x ∈u {0, 1}n, let

ρ = ρL,x. Then, ρ is a random restriction with indicator

variables 1{i ∈ L} having bias

q = p1p2 · · · pt > clogw · δ
∑t

r=1 s2
r/2w

(w3 log(1/ε))logw
>

δ

(w log(1/ε))C logw
,

for C a sufficiently large constant.

Define the composition of two restrictions ρ′ ∈
{∗, 0, 1}L and ρ′′ ∈ {∗, 0, 1}L(ρ′) in the natural way

by (ρ′ ◦ ρ′′)i = ρ′′i if i ∈ L(ρ′) and (ρ′ ◦ ρ′′)i = ρ′i
otherwise. Then, by definition, we can view ρ as a

composition of independently chosen random restrictions

ρt◦ρt−1◦· · ·◦ρ1, where ρj ≡ ρLj ,xj (with xj ∈u {0, 1}n).

Further, for any function g, gρ ≡ (((gρ1
)ρ2

)···)ρt
.

Therefore, by iteratively applying the Claim VI.1 t
times with the random restrictions ρ1, . . . , ρt and a union

bound, we get that with probability at least 1−t(δs/4+ε),
there exists a lower approximating width at most w/2t+1

DNF f � : {0, 1}L → {0, 1} such that f � ≤ fρ and

Bias(fρ) − Bias(f �) < tε. Similarly, by iteratively

applying the claim to the upper approximators given

by the claim, we get that with probability at least

1 − 2t(δs/4 + ε), fρ is (tε)-strongly approximable by

width at most s DNFs.

Finally, observe that the number of bits needed to

sample L is

t∑
r=1

O
(w

2r
· log(1/p(w/2r, s)) + log n

)

= O ((log n)(logw))+
t∑

r=1

w

2r

(
s2r

2w
O (log(1/δ)) +O (log(w log(1/ε)))

)

= O ((logw) · (log n+ s log(1/δ)) + w log (w log(1/ε))) .

The theorem now follows from applying the above

argument to δ′ = δ/2t, ε′ = ε/t and noting that this

only changes the constant terms in the final bounds.

Proof of Claim VI.1: Let f �, fu be width w DNFs

with at most h(w) = w3w(C log(1/ε))w terms that ε2/2-

strongly approximate f as guaranteed by Theorem I.1
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for C a large constant. Consider a random restriction

ρ sampled from a distribution in Dp(w/2). Then, the

probability that a fixed term of f � has more than w/2
live variables under ρ is at most 2w ·pw/2. Therefore, by a

union bound, the probability that f �
ρ has width more than

w/2 is at most h(w)2wpw/2 < δs/4/2 for a sufficiently

small constant c. Similarly, the probability that fu
ρ has

width more than w/2 is at most δs/4/2.

Note that as f � ≤ f ≤ fu, f �
ρ ≤ fρ ≤ fu

ρ . We

now need to show that f �
ρ, f

u
ρ are close to fρ with high

probability. Let ρ ≡ ρL,x and consider a fixing of the set

of live variables L. Then as f �, fu strongly approximate

f ,

Bias(f) = E
x←{0,1}[n]\L

[Bias(fρ)] < Bias(f �) + ε =

E
x←{0,1}[n]\L

[Bias(f �
ρ)] + ε2/2.

Therefore, Ex←{0,1}[n]\L [Bias(fρ) − Bias(f �
ρ)] < ε2/2.

Thus, by Markov’s inequality,

Pr
x←{0,1}[n]\L

[Bias(fρ)−Bias(f �
ρ) > ε] < ε/2.

Using a similar argument to fu, and a union bound, we

get that fρ is not ε-strongly approximable by (f �
ρ, f

u
ρ )

with probability at most δs/4+ε. The claim now follows.

VII. OPEN PROBLEMS

The obvious open problem is to obtain a deterministic

polynomial time algorithm as opposed to a nÕ((log logn)2)

algorithm for approximately counting the solutions to

DNFs. Other avenues are to ask for better dependence

on the error rate ε. This is particularly interesting for

ε = 1/poly(n) as from the work of Karp and Luby [7]

it follows that a deterministic approximate counting algo-

rithm for DNFs with additive error 1/poly(n) implies a

deterministic approximate counting algorithm with small

relative error (i.e., given a DNFf , compute p such that

(1− ε)p < Bias(f) < (1 + ε)p).

It is not clear what the right bound on W should

be. The proof of Theorem I.1 is based on a variant

of the sunflower lemma, the widely believed sunflower

conjecture (cf. [21] for instance) and Friedgut’s theorem

suggests that the right bound might be 2Oε(w). An

example showing that the number of terms needed for a

good approximation is at least 4w was communicated to

us by Servedio [22]. We believe that getting tight bounds

on W is an interesting question in its own right.
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APPENDIX

We first that Lemma III.1 is equivalent to Lemma A.2

below from [2].

Definition A.1 ( [2]). Let F be a family of sets over a
universe U and let Y = ∩T∈FS. Call F a γ-sunflower
if for a random set W ⊆ U , with each element of
U present in W independently with probability 1/2,
Pr[∀T ∈ F , T ∩ (W \ Y ) �= ∅] < γ.

Lemma A.2 ( [2]). Let F be a family of sets over
a universe U each of size at most w. If |F| > w! ·
(2.47 log(1/γ))w, then F contains a γ-sunflower.

Proof of Lemma III.1: As f is unate, without

loss of generality suppose that f is monotone. Let

U = [n] and F = {Ti : 1 ≤ i ≤ m}. By the above

lemma, there exists a γ-sunflower F ′ = {Ti1 , . . . , Tis}
for γ = exp(−(m/w!)1/w/2.47). We claim that the

lemma holds for the terms in F ′ and Y = ∩s
j=1Tij .

Let x ∈u {0, 1}n and let W = {i : xi = 0}. Then,

each element of U is present in W independently with

probability 1/2. Therefore, as F ′ is a γ-sunflower

Pr[x satisfies (Ti1 \ Y ) ∨ (Ti2 \ Y ) · · · ∨ (Tis \ Y )] =

Pr[ ∃T ∈ F ′, (T \ Y ) ∩W = ∅ ] ≥ 1− γ.

Proof of Theorem I.1: We now sketch the missing

calculations from the proof of the theorem:

m∑
j=W+1

j · δw(j) =
m∑

j=W+1

j · exp
(−(j/2ww!)1/w

c

)

≤
m∑

j=W+1

j · exp
(−j1/w

2cw

)

≤
∞∑
r=1

(erW )2 · exp
(−(er−1 ·W )1/w

2cw

)

≤W 2
∞∑
r=1

exp

(−(er−1 ·W )1/w

2cw
+ 2r

)
.

We next check that the sum decreases exponentially:

(er−1 ·W )1/w

2cw
− 2r ≥ W 1/w

2cw
+ r,

which happens if

W 1/w

2cw
·
(
e(r−1)/w − 1

)
≥ 3r.

The last inequality is easy to check for our setting of W.

Therefore, we get (recall that c = 2.47)

m∑
j=W+1

j · δw(j) ≤W 2 · exp
(
−W 1/w/2cw

)

≤ w6w(50 log(1/ε))2w · exp (−10 · w2 · log(1/ε))
≤ exp

(−10 · w2 · log(1/ε) + (6w logw)+

(2w) · (log(50 log(1/ε))) )
≤ exp

(−2w2 log(1/ε)
)
,

where the last inequality follows from: 3w2 ≥
6w(logw); 5 log(1/ε) ≥ 2 log(50 log(1/ε)) if ε < 1/6.

Equations III.2, III.3 follow easily from the above.

135


