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Abstract. The problemof merging multiple sourcesinformation
is central in many information processingareassuchas databases
integrationproblems,multiplecriteriadecisionmaking,expertopin-
ion pooling,etc.Recently, severalapproacheshavebeenproposedto
mergeclassicalpropositionalbases,or setsof (non-prioritized)goals.
Theseapproachesarein generalsemanticallydefined.Like in belief
revision, they usepriorities,generallybasedon Dalal’s distance,for
mergingtheclassicalbasesandreturnanew classicalbaseasaresult.
An immediateconsequenceof thegenerationof aclassicalbaseis the
impossibilityof iteratingthe fusionprocessin a coherentway w.r.t.
prioritiessincetheunderlyingorderingis lost.This paperpresentsa
generalapproachfor fusingprioritizedbases,bothsemanticallyand
syntactically, whenprioritiesarerepresentedin thepossibilisticlogic
framework. We show that theapproacheswhich have beenrecently
proposedfor merging classicalpropositionalbasescan be embed-
ded in this setting.The result is thena prioritized base,andhence
theprocesscanbecoherentlyiterated.Moreover, we alsoprovide a
syntacticcounterpartfor thefusionof classicalbases.

1 Introduction

It is well known thatpriorities arevery importantin belief revision
or for fusingmultiplesourceinformation.Gärdenfors[5] hasproved
that any revision processwhich satisfiesthe so-calledAGM postu-
latesis basedonsomeimplicit ordering.Prioritiesarecrucialaswell
to dealwith conflictingsources.Evenwhentheinformationprovided
by thesourcestaketheform of classicalbases,(whichrepresentnon-
stratifiedsetsof piecesof knowledgeor of goalswithout explicit
priorities), several authors,e.g.Lin [9], Konieczny andPino Pérez
[6, 7], Lin andMendelzon[10, 11], LiberatoreandSchaerf[8] and
Revesz[12,13], extractimplicit orderingsfrom theseclassicalbases.
For instance,considerthe following example[12] wherea teacher
asksstudentswhich amongthe following languages����� (denoted
by � ), �	� (denotedby 
 ) and�
��������
�� (denotedby � ) they wouldlike
to learn.If oneprovidestheclassicalpropositionalbase�����	
������ � ,
then the teacherassumesthat the studentimplicitly gives two in-
dependentsub-goals:”learning either ���!� or �	� , or both” and
”not learning �
��������
�� ”. This meansthat the student implicitly
gives a setof prioritized goalswherethe situations ���"�#
��$� ��� ,���%���&

�'� ��� and ���!�'� 

�'� ��� are the preferredones(since
they satisfythetwo sub-goals(��)�*
+( and (�� ��( ), thatthesituations�%�,�-� 
.�/� �102�,�3
.�4�102�)�/� 
.�4�105�%�,�4
6�4� arelesspreferred
(sincethey only satisfyonesub-goal),and lastly that the situation�%�)�*� 
6�3� is theleastpreferredonesincebothsub-goalsarefalsi-
fied.TheseprioritiescanbeobtainedusingDalal’s distance[3].7
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In this paperwe proposea generalapproachfor fusing prioritized
propositionalbasesin the framework of possibilistic logic. Priori-
tized propositionalbasesaresetsof weightedformulasof the form:<;>= �@?BA�0C��A��EDBF ;HG 0CIKJ where ?LA is a classicalformula,and ��A
belongsto M N�0 GPO encodingthelevel of priority of ? A . Eachpossibilis-
tic base

:
inducesa possibility distribution QLR , which rank-orders

the different interpretations.We show that this generalframework
allows us to recover classicalfusion methodsrecentlyproposedin
[6, 7, 9, 10, 11]. This is obtainedby the syntacticassociationof a
setof weightedformulasto eachclassicalbase,andby providing the
possibilisticcounterpartof any classicalmerging operator. We show
thatthis processcanbeiteratedin a coherentway, andalsoprovides
a syntacticway for computingclassicalfusion operatorswhich are
only semanticallydefinedgenerally.
Technicallyspeakingour aim in this paperis, given a multi-set of
classicalpropositionalbasesS , anda booleanmerging operatorT ,
to show how to computethesetof modelsof the resultingbaseus-
ing possibilisticmerging operators.To reachthis aim, we first as-
sociateto each UVA in S a prioritized base

:"W�X
. Roughly speak-

ing, this baseshouldbesuchthat Q RLY X , thepossibility distribution
associatedto

:	W�X
, be a function of the Dalal distanceassociated

to UVA . Let Z ;[=+:	W)\ 0^]_]_]_0 :"W�` J be the prioritized counterpartofS ;a= U 7 0b]c]_]_02UVd�J . Thenfor eachT appliedto S andyielding the
propositionalbaseT4�@S�� , wedefineapossibilisticaggregationoper-
ator e appliedto Z ;f=+:"Wg\ 0^]_]_]c0 :	W�` J andyielding to a prioritized
baseZgh . This baseshouldbe suchthat the setof preferredmodels
in Q�ikj is equalto M T4�@S�� O thesetof modelsof T4�@S�� , aspicturedon
Figure1. S ;f= U 7 0^]_]_]_0bUVdlJ�m1noZ ;f=+:	Wg\ 0^]_]_]_0 :"W�` Jp T p e��q.��r.0sS�� Z h s.t. Q�ikj6��r,� ;ut �v��qw��r.0sS��C�x yM T4�@S�� Oz; = r6{50C|4�~}1�����lQ ikj ��r�� ; Q ikj ��r6{��sJ

Figure 1

Let us first recall the fusion of classical propositional bases
beforegiving a brief overview of merging operatorsin possibilistic
logic, andpresentingtheresultsof thepaper.

2 Fusion of classical propositional bases

2.1 Basic steps and local distances

We considera propositionallanguage� over a finite alphabet� of
atoms.� denotesthesetof all interpretations.Logicalequivalenceis
denotedby � . Classicaldisjunctionandconjunctionarerespectively
representedby ��02� . Let � be a formula of � , M � O denotesthe set
of all modelsof � . A literal is an atom or a negation of an atom.
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U denotesa classicalpropositionalbase.Let S ;�= U 7 0^]_]_]_02U d J�vI�� G � be a multi-set of I consistentpropositionalbasesto
be merged. S is called an information set. We define a merging
operatorT asa functionwhich associatesto eachinformationset S
a classicalpropositionalbase,denotedby T4�@S�� .
The three basic stepsfollowed in [6, 7, 9, 10, 11] for merging
semanticallyaninformationset S by anoperatorT are:
1- Rank-orderthe set of interpretations� with respectto each
propositional base U A by computing a local distance,denoted����r.0CUVA�� , betweenr andeachUVA .
2- Rank-orderthe set of interpretations� w.r.t. all the proposi-
tional bases.This leadsto the overall distancedenoted��qw��r.0CS�� .
The latter, computedfrom local distances ����rw0�UVA�� , defines an
ordering relation betweenthe interpretationsdefined as follows:r�� q� r�� if f � q ��r.0sS����&� q ��r)�@0sS�� .
3- Computethemodelsof T4�@S�� , theresultof themerging process,
whosemodelsareminimal with respectto � q� , namelyM T4�@S�� OL; |-F@I%�@�	0�� q� � .
In the reviewed works [6, 9, 10, 11], the local distance����r.0sU A � is
basedonDalal’sdistance[3]. Thedistancebetweenaninterpretationr and a propositionalbase UVA is definedby the leastnumberof
atomson which this interpretationdiffers from somemodelof the
propositionalbase.More formally,����r.0CU A � ; |4F@I ���v�k� W�X�� ��F��b�^��r.0�r � � ,
where��F��b�b��rw0�r)��� is thenumberof atomswhosevaluationsdiffer in
thetwo interpretations(Hammingdistance).
Konieczny andPinoPérez[7] useany distancewhich is symmetric
andsuchthat ��F��b�^��r.0�r)��� ; N if f r ; r)� .
Example Let us extend the example of the introduction with
threestudents.The first studentwants to only learn ���!� or � � :U 7 ; ���%�V
��L�*� � . Thesecondwantsto only learn �
��������
�� or �"�
but notboth: U3� ; ���%���E�6�V� 
��l�-���%� �V� �6�E
�� . Thethird wants
to learnthethreelanguages:UV� ; ���)�*�	�*
�� .
Let r�� ; �g��� ��� 
 , r 7 ; �%��� ��
 , r � ; �%�^����
 , r � ; �%����
 ,r%� ; ������� 
 , r%� ; ��� ��
 , r�� ; �^��� 
 , rg� ; �^��
 .
Dalal’sdistancesbetweeneachinterpretationandthebasesare:r ����r.0sU 7 � ����r.0�U3��� ����r.0CUV���r � G G �r 7 N N  r �   N  r%� G G Gr%� N    r � N G Gr%� G G Grg� G   N

¡,¢k£�¤�¥�¦

2.2 Aggregating local distances

Once ����r.0CUVA�� is definedfor each UVA , several methodshave been
proposedin orderto aggregatethe local distances����rw0�UVA�� accord-
ing to whetherthebaseshave thesameimportanceor not. In partic-
ular thefollowing operatorshave beenproposed:§ Majority operator[10, 11,12]: ��¨���rw0CSE� ;u© dA«ª 7 ����r.0sU A �§ Weightedsumoperator[12]: �~¬�­���r.0CS�� ;f© dA«ª 7 ����rw0�UVA��¯®)°�A ,

where°�A ’sareintegers.§ Max-basedegalitaristoperator[13]:�~±�²^³l��r.0CS�� ; |4�~} A�ª 7C´ d ����r.0CU A �§ Lexmax-based(or generalizedmax) egalitarist operator[6, 7]:
This aggregating operatorcomparesvectors of distances.Let

� �µ ; ����r.0CU µ � . Denote ��¶b±�²^³k��r.0sS�� the result of sorting the
vector �v� � 7 ]_]_] � � d � in a decreasingorder. Then, r¸·�M T4�@S�� O if
thereis no r)� suchthat � ¶P±�²�³ ��r)�v0sS���¹wº�» ³ � ¶P±�²�³ ��rw0�S�� , where¹ º�» ³ is definedasfollows:
Let � 7 ; ��� 7 ]_]_] � d � and � � ; ��� � 7 ]_]_] � � d � betwo sequencesof inte-
gersgivenin a decreasingorder. Then, � 7 ¹wº~» ³ �¯� if andonly if¼k½ ��I suchthat ��¾E¹¿� �¾ and À�F%¹ ½ D���A ; � � A .
Moreover, � 7 ; º~» ³�� � if À ½ �¿I�02� ¾ ; � � ¾ .

Example (continued)Let ° 7 ; °�� ;ÁG 0C°%� ;-� for Â"� operator.r © Â	� |-�~} �~|4�~}r � Ã Ä � � � 0 G 0 G �r 7 2 2   �� �0sN�02N��r � Å Å   �� �02 ~02N��r%� � Ã 1 � G 0 G 0 G �r%� Å Æ   �� �02 ~02N��r � 2 Å 1 (1,1,0)r � � Ã 1 � G 0 G 0 G �rg� � Ä   �� �0 G 02N��
Table 2 (Bold elementsarethepreferredinterpretations)

Thenwe get: M T ¨ �@S�� O1;Ç= r 7 0�r%��J , M TE¬�­��@S�� O�;f= r 7 J ,M TÈ±)²�³l�@S�� O�;f= r � 0�r � 0�r � J and M T�¶b±�²^³l�@S�� O�;f= r � J .
As it canbeseenin thisexample,|-�~} is themostcautiousone,and
is refinedby �~|4�~} . BesidesÂ"� and

©
which correspondto other

pointsof view, mayselectotherinterpretations.

2.3 Non-iteration (loss of associativity) of the
process

The main drawback of T is the non-iterationof the processin a
coherentway w.r.t. Dalal’s distanceeven for associative operators.
Indeed,in general ����r.0CT
Él�@U 7 02U3�^�C�ËÊ;Ìt �v����r.0CU 7 �P0C����r.0�U3���C� ,
where T É is a merging operatorbasedon an associative functiont

. This is dueto the fact thatwhencomputing����r.02T
Ék�@U 7 0CU3���C� ,
we lost theunderlyingpriority betweenU 7 and U3� .
Let us now considerthe above exampleand the majority operator
whichis associative.Let U � ; T
¨%� = U 7 0sU � J5� . Wecaneasilycheck
that ����r.0sT ¨ � = U 7 02U3��J5�C�"Ê; ����r.0�U 7 �¯Í$����r.0CU3��� . Therefore,it is
not surprisingto find T ¨ � = U � 0sUV�+J5�ÎÊ��T ¨ � = U 7 02U3�+0sUV�+J+� . In-
deed,we have T
¨%� = U � 0sU � J5� ;f= r 7 0�r � 0�r � 0�r � J .
3 Fusion of prioritized propositional bases

This sectionrecallsthesemanticandsyntacticfusionsof prioritized
propositionalbasesdevelopedin [2] in theframework of possibility
theory. Let usfirst recallaminimalbackgroundonpossibilisticlogic
(for moredetailssee[4]). At thesyntacticlevel, apossibilisticpropo-
sitionalbaseis asetof weightedformulas

:Ï;f= �@? A 0C� A ��D�F ;ÏG 0CIKJ
where ?LA is a classicalformula and ��A belongsto [0,1]. �@?BA�0C��A��
meansthat the certaintyor necessitydegreeof ?LA is at leastequal
to � A . We definethea-cut of

:
, denotedby

:�ÐlÑ
, theclassicalbase: Ð1Ñ ;f= ? A Dl�@? A 0C� A ��· : �~IL�!� A � ¢ J .

Given
:

, we cangeneratea uniquepossibilitydistribution,denoted
by QLR suchthatall theinterpretationssatisfyingall thepropositions
in
:

will havethehighestpossibilitydegree,namely1, andtheother
interpretationswill be ranked w.r.t. the highestnecessitydegreeof
propositionsthatthey falsify, namelywe get[4]: Àlr'·Ò� ,

Q�R6��r,� ;ÔÓ G
if À �@?BA�0C��A���· : 0�r�·&M ?LA OG m#|4�~} = ��A�D+rÕÊ·&M ?LA O J otherwise.
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This possibility distribution is suchthat Ö#�@? A �E�×� A where Ö is a
necessitymeasuredefinedfrom QLR [4].
We defineby Ø�ILÙ�� : � ; |-�~} = ��A)D : Ð ² X F��wF@IBÙP
5I¯�^F��b�CÚ�I��2J thein-
consistency degreeof

:
. Theusefulconsistentpartof

:
is madeof

theformulaswhoseweightsareabove theinconsistency level. More
formally, ÛL� : � ;f= ?BA%D1�@?LA�0C��A��,· : �~IL�!�kA�Ü'Ø�ILÙ�� : �sJ .
At the semanticlevel, the set of modelsof ÛL� : � correspondsto
the interpretationshaving the highest possibility degree, namelyM ÛL� : � O1;f= r�D5r#F���|-�~}1F@|4�k�kF�I4Q R ��r,�sJ .
In [2], the authorssuggestgeneralsyntacticapproaches,which are
semanticallymeaningful for fusing possibilistic bases.More pre-
cisely, let

: 7 , : � betwo possibilisticbases,and Q 7 and Q � betheir
associatedpossibility distributions.Let e be a two placefunction
whosedomainis M N�0 GPOBÝ M N~0 GbO to beusedfor aggregating Q 7 ��r�� andQL�5��r,� . Theonly requirementsfor e are:Fs] G e G.;ÇG

,F�FC] If �3�'Ù , Þ	�'� then �"eÎÞw��Ùge$� (monotonicity).
Thefirst oneacknowledgesthe fact that if two sourcesagreethat r
is fully possible,thentheresultof thecombinationshouldconfirmit.
Thesecondpropertyexpressesthatadegreeresultingfrom a combi-
nationcannotdecreaseif thecombineddegreesincrease.
In [2], it hasbeenshown that thesyntacticcounterpartof fusing Q 7
and Q � is thefollowing possibilisticbase,denotedby Z h andwhich
is composedof:
- theinitial baseswith new weightsdefinedby:= �@?LAs0 G mV� G m���A��be G ��Ds�@?LA�0C��A���· : 7 J~ß = �v� µ 0 G m G e4� G m�Þ µ �C�~Ds�v� µ 0�Þ µ �~· : �cJ ,
- andtheknowledge commonto

: 7 and
: � definedby:= �@? A ��� µ 0 G mV� G m�� A �be4� G m"Þ µ �C��Ds�@? A 0C� A ��· : 7 ��IL�3�v� µ 0�Þ µ ��· : � J .

It hasbeenshown that Q ikj ��r,� ; Q 7 ��r,� e�QL�5��r,� where Q ikj is
thepossibilitydistributionassociatedto Zgh .
Remarkablecasesof e are the minimum (for short min), max-
imum (for short max) and Product (for short Pro). The first
one is meaningful when the sources are consistent and may
be not independent,the second one is appropriate when the
sources are highly conflicting and the third one deals with
independent sources. It has been shown, for these particu-
lar cases, that the fused possibilistic base is equivalent to:Z%± Acd ;u: 7 ß : �Z%±�²�³ ;f= �@? A �3� µ 0C|4F@Ig�v� A 0CÞ µ �C��D1�@? A 0C� A ��· : 7 0^�v� µ 0CÞ µ ��· : � JZgàBáCâ ;Ë: 7 ß : �)ß = �@?LA1�3� µ 0C��A1Í$Þ µ mã��AvÞ µ �,D�@?BA�0C��A��,· : 7 �~IL�3�v� µ 0CÞ µ �,· : ��J .
In the caseof I sources,the syntacticcomputationof the resulting
basecanbeeasilyappliedwhen e is associative.Thesyntacticgen-
eralisationfor non-associative operator( e is thena n-ary operator
definedonvectorof possibilitydistributions)is alsopossible.

4 Fusion of classical bases encoded in possibilistic
logic

In Sections2 and3,we have presentedmerging operatorsfor both
classicalandprioritized bases.In this section,we show that possi-
bilistic logic canrecover thebooleanmerging approachesreviewed
in theprevious sections.Let usfirst show how to associatea possi-
bilistic baseto a givenclassicalbase.

4.1 From a classical base to a possibilistic base

Theaim of this subsectionis givena classicalpropositionalbaseU
to constructa possibilisticbase

:	W
suchthat:Àkrw0�Q RLY ��r,� ;ut �v����rw0CUÁ�C� .

First,we considera baseU which is a setof literals U ;Ï= � A D�F,·

ØkJ , namely U containsoneformula composedof a conjunctionof
literals.To illustratetheconstructionof thepossibilisticbaseassoci-
atedto U , we usethebaseUV� ;Ô= �.�/�!�/
�J of our example.Let
us show how to construct

: W�ä
. Note thatusingDalal distance,the

worst interpretationsaretheoneswhich falsify all literals in U � . At
thesyntacticlevel, thepossibilisticbaseshouldcontainthe formula�����6
	�6��� with thehighestweight.Then,next preferredinterpreta-
tions arethosewhich only falsify oneliteral. This meansthat

: W%ä
containsthe threeformulas ���w�ã
��P0����w�å���P0B�v
��ã��� with a lower
weight (which correspondto the threepossibleways of removing
oneliteral from thedisjunction ���4
.�-� ). Next, themorepreferred
interpretationsarethosewhich falsify two literals.This leadsto add
in thepossibilisticbasethe literals 
~02��0C� with a smallerweight.To
summarize,

:	W�ä
shouldbeof theform::	W�äæ; = ���Ë�ç
f�Ë�10C°%�Pè����¿�Ë
~0Cé �Pè����ç�ç�10�é �Pè��v
f�u�10�é��Pè����0�ê��Pè��v
~0sê��Pè^�v�10Cê��sJ , with °$ÜÎé#Ü'ê .

Wecaneasilycheckthat:Àkr.0�QLRLY ä ��r,��Ü'QLRLY ä ��r � � if f ����rw0CUV����¹�����r � 0sUV��� .
Moreover, if we let ° ;ÏG m&ë � , é ;ìG m&ë � , ê ;ìG m#ë , where ë is
a verysmallnumber, then§ : W�ä

is theresultof combiningthethreeelementarybases© ­ ;f= ����0 G måë��sJ , © â ;f= �v
~0 G m#ë5�sJ and
©�í�;f= �v�10 G måë5�sJ

with theproductoperator.§ Àlr'·Ò�	0�Q RLY ä ��r,� ; ë í�î � ´ W�äbï .
Theseremarkscanbegeneralized.First,we needthefollowing:

Lemma 1 Let U ;ð= ��AËD*F ;ñG 0sIKJ be a set of literals. Let© A ;ì= �v� A 0 G m#ë��sJ be I possibilisticbaseswith oneformula.Then
combining

© A ’swith theproductoperator leadsto thefollowingbase:"WË;f= �@� µ �@UÁ�P0 G måë µ ��D�ò ;ÇG 0CIKJ ,
where � µ �@UÁ� is a disjunctionof sizeò from U .

Example (continued)
Let usconsiderthebaseUV� ;/= ��0��10C
�J .
We have the combinationof

© ­ and
©�í

with the productleadsto:= ����0 G m#ë5�sJ,ß = �v�10 G måë��sJ,ß = ���)�*�10 G måë � �sJ ,
combiningagainthis resultingbasewith

© â leadsto:= ����0 G m#ë5�sJ,ß = �v�10 G måë��sJ,ß = �v
~0 G m#ë5�sJ+ß = �����3�10 G måë � �Pè�����3
�0 G mãë � �Pè��v�w�4
~0 G måë � �sJ+ß = ���)�*�	�*
~0 G m#ë � �sJ .
The following proposition explicits the encoding of Dalal’s
distancein possibilisticlogic.

Proposition 1 Let U be a setof literals. Let
:	W

be the baseob-
tainedusingLemma1. Then,QLRLYE��r,� ; ë í�î � ´ W,ï .
Now considerthecasewhere U is a general knowledgebasewhich
is putundera disjunctive normalform i.e., U ;uó 7 �Á]_]_]+� ó d .
Notefirst that[9]: ����r.0sUÁ� ; |4F@I¯A«ª 7C´ dk����r.0 ó A�� � G �
Moreover, from Proposition1, it is possibleto associateto each

ó A a
possibilisticbase

:"ôkX
whereÀkr.0�Q RLõ X ��r,� ; ë í�î � ´ ô X ï �� 5�

Thenfrom � G � and �� �� it canbeeasilyguessedthat:Q�RBY!��r,� ; |4�~}�A�ª 7C´ d�QLR õ X ��r,� ; |-�~}�A«ª 7C´ d~ë í+î � ´ ôlX@ï ;ë ± Acd X«ö \�÷ ` í+î � ´ ôlX�ï ; ë í�î � ´ W,ï .
Thereforethepossibilisticbase

: W
associatedto U is the resultof

combiningthepossibilisticbases
: ô X

’s associatedto eachconjunctó A of U with themaximumoperator.

Proposition 2 Let U ;Ô=+ó 7 �åø^ø�ø5� ó d�J bea classicalbase, and: ô X
’s be the possibilisticbasesassociatedto

ó A ’s obtainedfrom
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Lemma1.ù Let
: W

be the combinationof
: ô X

’s with the maximum
operator. Then, QLRLYE��r,� ; ë í+î � ´ W�ï .
Now, dueto theparticularstructureof

:"ôlX
’s, thefollowing proposi-

tion givesanequivalentrewriting of
:"W

, without computingexplic-
itly

: ôlX
’s:

Proposition 3 Let U ; =5ó 7 �ú]_]_]Á� ó dlJ be a clas-
sical base. Let | ; |-F@IBA�ª 7C´ d¯�sû ó Asû � . Then,

:"W
is equivalent 2 to the following possibilistic base:= �@� µ 0 G m#ë µ �,D�ò ;ÇG 0C|ÁJ ,
where � µ is a clause(i.e., disjunctionof literals) containingexactlyò literals fromeach

ó A of U .

The number | in the previous proposition correspondsto the
numberof layersin thepossibilisticbaseassociatedto U .

Example (continued) Let us put the bases U 7 0CU3� and UV� in
a disjunctive form: U 7 ; =5ó 7 � ó �^J ; U3� ;ü=5ó �Á� ó �+J
and U � ;ý=+ó � J such that

ó 7 ;þ= ��0P� �kJ ; ó � ;þ= 
�0P� �kJ ;ó � ;Õ= �%��0��102� 
�J ; ó � ;f= �g��0P� �10C
�J and
ó � ;f= ��0s�10C
�J .

For U 7 , we have | ; û ó 7 û ; û ó �5û ;   . FromProposition3::"Wg\w;f= �����-� �	�4
~0 G måë � �Pè����g�/� �10 G måë5�Pè����)�*
�0 G måë5�Pè��� �Î�Ç
~0 G mÿë5�Pè���� �10 G mÿë5�sJ which is equivalent to= �����-���	�*
~0 G mãë � �Pè~���)�3
�0 G måë5�Pè���� �10 G m#ë5�sJ .
Theformulas �����3� �10 G mÁë5� and �����.�

~0 G mÁë5� areremovedfrom
thepossibilisticbasesincethey aresubsumed3 by ��� �10 G mãë�� .
With a similar computationwe get::"W��";f= ���g�)�4�w�4
~0 G måë � �Pè����%�g�/� �"�4� 
�0 G måë � �Pè���%��0 G m#ë5�Pèb�v�"�3
�0 G måë5�Pè���� �"�/� 
~0 G måë��sJ .: W�ä

hasbeenpreviously computed.

4.2 Possibilistic encoding of the global distance

4.2.1 Semanticencodingof theglobaldistance

In this subsection,given an informationset S ; = U 7 0^ø^ø^ø^02UVdlJ , a
booleanmerging operatorT , and Z ; =+:	Wg\ 0^ø^øbø^0 :"W ` J thepossi-
bilistic counterpartof S obtainedfrom Proposition3,weshow thatit
is possibleto definea possibilisticmerging operatore appliedon Z
andyieldingto Zgh suchthat Q ikj , thepossibilitydistributionassoci-
atedto Zgh , is a functionof � q . Namely, Q ikj ��r,� ;ut �v� q ��r.0sS��C� .
Proposition 4 Let S ;ÿ= U 7 0^ø�ø^ø^0CUVd1J bean informationset,andT ¨ �@SE� betheresultof combiningUVA ’s with themajority operator.
Let Z ;ÿ=�: Wg\ 0bø^ø^ø^0 : W ` J be thepossibilisticcounterpartof S us-
ing Proposition3, and Q�RBY X ’s bethepossibilitydistribution associ-
atedto

:	W�X
’s.Let Q i������ betheresultof combiningQLRLY X ’swith the

productoperator
�
	 
 . Then,Q�i ����� ��r,� ; ë í��Bî � ´ � ï .

The proof can be easily checked. Recall that � ¨ ��r.0sS�� ;© A�ª 7C´ d ����rw0�U A � . Then, Q�i ����� ��r,� ; Q R Y \ ®.ø^ø^ø5®)Q R Y ` ;ë í+î � ´ Wg\sï ®.ø^ø�ø+®)ë í�î � ´ W ` ï ; ë ¨ X«ö \�÷ ` í+î � ´ W%X�ï ; ë í � î � ´ � ï .
In asimilarwaywegetthepossibilisticcounterpartsto |-�~} and Â	�
givenin Table3.
We now provide the encodingof �~|-�~} operator. This is doneby� Theequivalenceis understoodin thesensethat thetwo possibilisticbases

generatethesamepossibilitydistributions.��
������������ is saidto besubsumedby � if it canbeentailedfrom all the
formulas(differentfrom 
�������� ) having a weightat leastequalto � . It can
becheckedthat � and ��� 8 
�������� 9 areequivalent(see[4]).

first giving a rewriting of the lexicographicalorderusingtheopera-
tion �� 1| , aftera transformationof a scale.More precisely, for each��� r10 UVA � we define �gA ; Ö í�î � ´ W�X�ï whereÖ is a very largenumber4.
Let � A ; ����r.0CU A � and � � A ; ����r � 0sU A � .
Then,wehave thefollowing lemma:

Lemma 2 Let � � ; �v� 7 0^øbø^ø^0C� d � and � ��� ; �v��� 7 0bø^ø^ø^0C���d � be
two sequencesof integers given in a decreasingorder. Let � ;�@� 7 0�ø^øbø^0s�gd1� and � � ; �@� � 7 0bø^ø^ø�0s� � d � besuch that �gA ; Ö í X and� � A ; Ö í �X . Then,���Ò¹wº~» ³ � ���"! © dA«ª 7 �)A%¹ © dA«ª 7 � � A .
Giventhis lemma,we cannow give theencodingof �~|-�~} .
Let U ;f=+ó 7 0^ø^ø^ø^0 ó d J .
1- By Proposition3, wehave:"WË;Õ= �@� µ 0 G måë µ ��D�ò ;ÇG 0s|ÒJ ,
where� µ is aclause(i.e.,adisjunctionof literals)containingexactlyò literalsfrom each

ó A of U .
2- We proceedto transformethe scaleby definingfrom

:"W
a new

base
: �W suchthat: �W ;f= �@� µ 0 G måë�# X ��D1�@� µ 0 G måë µ ��· :	W J .

We cancheckthatthepossibilitydistribution associatedto
: �W is as

follows:

Q R �Y ��r,� ;ÔÓ G
if ����rw0�UÁ� ; Në #%$'& ( ÷ Y�) otherwise.

Then,wehave thefollowing proposition:

Proposition 5 Let S ; = U 7 0bø^ø^ø�0sUVdlJ be an informationset,andZ ; =�: Wg\ 0�ø^ø^ø^0 : W ` J be the syntactic counterpart to S from
Proposition3.Let

: �W�X ’sbethebasesfrom
: W X

’susingStep2 above.
Let Q R �Y X bethepossibilitydistributionassociatedto

: �W�X .
Let Q i������ be the result of combining Q R �Y X ’s with

�
	 
 operator.

Then, r�Ü ¶b±�²^³ r � ! Q i������ ��r,��Ü'Q i������ ��r � � .
The following table summarizesthe above propositions.It gives
whichpossibilisticoperatore shouldbeusedfor recoveringboolean
mergingoperatorT :T e|4��} |4F�I© �
	 
Â	� weighted

�
	 
�~|4��} �
	 
 (with a suitablescale)

¡,¢k£�¤�¥�*
whereweighted

�
	 
 is simply theproductappliedrepeatedly. Since
the ° A ’s areintegers,eachbaseis repeatedI timesif °�A ; I .

4.2.2 Syntacticcounterpartof thesemanticencoding

In thissubsectionweshow thatoncethepossibilisticbasesassociated
to UVA ’s arecomputed,thesyntacticcomputationof T4�@S�� is imme-
diateusing the syntacticmerging operatorsappliedto possibilistic
bases.
At thesemanticlevel, we have alreadyshown thatgivenaninforma-
tionset S ;f= U 7 0^ø^ø^ø^0CUVd�J andabooleanoperatorT , wecandefineZ ;Ç=+:	W)\ 0^ø^ø^øb0 :"W�` J suchthatcombiningQLRLY X ’s (thepossibility
distributionsassociatedto

: W�X
’s) with some e , the counterpartofT accordingto Table3, leadsto the following relation(when To·�,+ shouldbes.t.for each- ( -/.10 ), wehave + ¾ .32 ¾ �54 ¾ + ¾ � .
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=5© 0s|4��}¯0�Â	�5J ): Q ikj ��r,� ; ë í76)î � ´ � ï � � �
Let T4�@S�� betheresultof combining U A ’swith T .
We know that the modelsof T4�@S�� are the interpretationswhich
minimize � q ��r.0sS�� . Then,from � � � , theseinterpretationsmaximizeQ ikj since ë!¹ G

.
For �~|-�~} , we have shown that r¸Ü6¶P±�²�³Õr � ! Q1i���������r,��ÜQ i������ ��r � � . Here, we also have the preferredinterpretationsw.r.t.Ü ¶b±)²�³ arethosewhichmaximizeQ i������ .
Givena possibilitydistribution Q�R associatedto a possibilisticbase:

, wealsoknow thattheinterpretationswhichmaximizeQ R arethe
modelsof ÛL� : � , theconsistentpartof

:
(seeSection3).

Now, Q ilj is theresultof combining
:	W�X

’s with e . Hence,thepre-
ferredinterpretationsw.r.t. Q�ikj arethemodelsof ÛL�vZ h � .
Proposition 6 Let S ; = U 7 0^ø^øbø^02U d J be an information set,
and T4�@S�� be the result of combining U A ’s with T . Let Z ;=+:	W)\ 0^ø^øbø�0 :"W�` J bethepossibilisticcounterpartof S usingPropo-
sition3.Let e bethesyntacticcounterpartof T obtainedfromTable
3, and Z h betheresultof combining

: W%X
’s with e . Then,M T4�@S�� O�; M ÛL�vZgh�� O .

Example (continued)Let us considerthe majority operator
©

. Let:"Wg\
,
:"W��

and
:"W�ä

be thepossibilisticcounterpartof U 7 , U3� andU � computedin thelastexample.Thento computethepossibilistic
baseassociatedto thecombinationof

: Wg\ 0 : W�� 0 : W�ä with thema-
jority operator, we combine

:"W�X
’s with theproductoperator. Since

the productoperatoris associative, let us first computeZ � the base
resultingfrom thecombining

: Wg\
and

: W8�
.Z)� ;Ò= ���%�)�-� �"�-��
~0 G m�ë � �Pè��������	��
~0 G m�ë � �Pè����%���-� �10 G m�ë � �Pè��� �3�$� 
�0 G mËë � �Pè������$� �*�#
�0 G mËë � �Pè����%���&�3�#
~0 G mçë � �Pè�����3
�0 G mãë5�Pè~��� �10 G m#ë5�Pè����%��0 G måë5�Pè~�v�	�*
�0 G måë5�sJ .

Then combining Z � and
: W�ä

, after removing subsumedformulas,
leadsto: Zgh ;Ò= �����
�6�

~0 G mÁë � �Pè������3� �.�

�0 G mÒë � �Pè����%���
�.�
�0 G mãë � �Pè~���%���4���	�*
~0 G måë � �Pè������4���	�-� 
~0 G m#ë � �Pè���%���-� �	�-� 
~0 G m#ë � �Pè��:9È0 G mãë � �sJ .
Notethatwe obtainacontradictionherewith a weight

G mãë � which
expressesconflict betweensources.
Note that Ø�ILÙ��vZghg� is always of the form

G mfë µ where ò is the
minimal weight in the global distanceobtainedfrom merging S
by T . For instance,we can check that in this example we haveØ�ILÙ��vZghg� ; G m�ë � andindeed   is the minimal distancein Table
2 (for

©
). When ò ; N namely Ø�ILÙ��vZghg� ; N , this simply means

that �%S ; U 7 �Ò]_]c]��4U d is consistent.
Now, to recover TÈ¨g� = U 7 02U � 0sU � J5� we simply compute ÛL�vZ h � ,
namely ÛL�vZgh%� ; = �6�Ò���Ò
~02�6�ã� ���Ò
�0~�g�6�/���/
�0P�%�6�Á� ���
�0s���-� �	�/� 
�05�%�)�-� �"�-��
�J"� = � �10C
�J .
Clearlywe cancheckthat M ÛL�vZ h � O�;a= r 7 0�r � J which hasbeenob-
tainedin theexamplesabove.

Remark 1 Notethat theadvantage of givinga possibilisticbasein-
steadof the classicalbase ÛL�vZgh)� as a resultof the merging is the
capabilityof iteration for associativeoperators, which is not possi-
ble with classicalmerging operators. Indeed,in the above example
wehave � :"Wg\ e :	W�� �Ke :"W�ä�;Ç:	W)\ e :"W�� e :	W�ä

, andthis is
general.

4.3 Integrity constraints

We considernow themerging of classicalknowledgebaseswith in-
tegrity constraints.Theintegrity constraintsarerequirementsthatthe
mergedbasemustsatisfy. Let S ;f= U 7 0b]c]_]_0PU d J betheinformation
setto merge,and ; be a setof constraints.We denoteby T*��;g02S��

the resultof merging with respectto an operatorT . The operation
of fusion follows the samestepsas T . The only changeappearsin
selectingmodelsof T4��;%0sS�� which focuseson modelsof ; which
areminimal in � q� , namelyM T4�@S�� O�; |-F@I%�CM ; O 0�� q� �
It meansthatweonly considerinterpretationswhichsatisfythesetof
integrity constraints.Sincetheformulasof ; mustbesatisfied,they
areconsideredasfully reliablein possibilisticframework. Thepossi-
bilistic propositionalbaseassociatedto a setof integrity constraints
is then:

:�<
;f= �@?LAC0 G ��D�?LA�·=; J .
Proposition 7 Let S and ; be respectivelyan informationsetand
a setof integrity constraints,and T bea booleanmerging operator.
Let Zgh be the possibilisticcounterpartof S . Thenthe possibilistic
baseassociatedto S and ; is simply Zgh/ß :>< .

5 Conclusion

The paperhasshown how booleanmerging operatorscanbe mod-
elled in thepossibilisticlogic framework. This hasseveral benefits.
First,asalreadysaidwe caniteratethemerging operatorin a coher-
entway w.r.t. priorities.Second,classicalmergingapproachesheav-
ily lie on the useof Dalal’s distance.However, as in our example
wherea studentsaysthat he would like to learn ����� or �"� , it is
not necessarilythe casethat he wantsto give the samepriority to
both. He may prefer ���!� to � � ; sucha disymmetrybetweenthe
literalscanbeeasilyrepresentedby enteringfrom thebeginningpri-
oritiesin thepossibilisticlogic framework. Third, with theexception
of [9] which hasprovided a syntacticcomputationin the caseof a
weightedsum,classicalmethodsareonly semanticallydefined.Pos-
sibilistic logic offersa generalsyntacticcomputationmachineryfor
themergingprocess.Suchcomputationscanbestill simplifiedif one
only looks for producingclassicalbaseswithout priorities, sincein
this casewe only have to generatethe consistentpart of the possi-
bilistic base.A postulate-basedstudy of fusion in the possibilistic
framework canbefoundin [1].
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