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Abstract. Wemake useof aprobabilisticmodelin orderto formal-
ize the basicassumptionunderlyingcase-basedreasoning(CBR),
suggestingthat “similar problemshave similar solutions.” Taking
this modelasa point of departure,we proposea similarity-guided
inferenceschemein which case-basedevidenceis representedin the
form of belief functionsover the setof solutions,andin which the
combinationof evidencederivedfrom individualcasesis considered
in thecontext of informationfusion.Our approachis meantto sup-
port theoverall processof problemsolvingby estimatingthequality
of potentialsolutions.Besides,it revealsthat probabilisticmethods
andrelatedtechniquesfrom thefield of reasoningunderuncertainty
providea convenientframework in whichpartsof theCBR method-
ologycanbeformalized.This framework seemsparticularlysuitable
sinceit allowsfor takingtheheuristicand,hence,uncertaincharacter
of case-basedproblemsolvinginto account.

1 INTR ODUCTION

The“CBR hypothesis”which, looselyspeaking,suggeststhat“sim-
ilar problemshave similar solutions,” is a majorassumptionof case-
basedreasoning(CBR), anda guidingprincipleof therelatedprob-
lem solvingmethodology[14]. Recently, someattemptsat formaliz-
ing this hypothesisin a systematicway and,thus,at makingan im-
portantsteptowarda theoreticalfoundationof CBR havebeenmade
[8, 12, 15]. The probabilisticformalizationadvocatedin [12] takes
into accountthat the CBR hypothesisshouldbeunderstood,not as
a universallyvalid rule, but ratherasa “rule of thumb” which only
holdstruein a generalway. In fact,a probabilisticmodel,according
to which similar problemsare(at most) likely to have similar solu-
tions,canbeseenasa morefaithful descriptionof this assumption.
Particularly, it still allows for “exceptionsto the(CBR) rule.”

In thispaper, weputtheprobabilisticframework of [12] into acon-
crete(similarity-based)inferencescheme.Our approachamountsto
representingexperiencefrom a previously encounteredcasein the
form of a belief functioncharacterizingthesolutionto a new prob-
lem.Thecombinationof individual piecesof evidencederivedfrom
several casescan thus be consideredin the context of information
fusion.

By putting emphasison CBR asa predictionmethod[8, 9], the
framework in [12] essentiallyconcernsthe REUSE processwithin
the(informal) � � modelof theso-calledCBR cycle [1]. In orderto
point out the restrictionto a certainaspectof CBR, we shall refer
to theapproachproposedin this paperassimilarity-basedinference
(SBI). The latter is closely relatedto lazy learningalgorithms[2],
particularlythosewhich arederivativesof the � -NEAREST NEIGH-
BOR ( � NN) classifier[6]. Yet, therearealsoimportantmethodologi-
caldifferences.Besides,SBI is notintendedasaspecialperformance�
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tasksuchas,e.g.,classificationor functionlearning.
Theremainingpartof thepaperis organizedasfollows: Thenext

sectionbriefly reviews the probabilistic framework introducedin
[12], andextendstherelatedconceptof aprobabilisticsimilarity pro-
file. In Section3, weproposeto look atcasesasinformationsources,
andto considerSBI asa problemof informationfusion.Basedon
this interpretation,a methodof processingcase-basedevidenceis
discussedin Section4 and Section5. The paperconcludeswith a
brief summaryandsomeremarks.

2 A PROBABILISTIC FRAMEW ORK

Theprimitiveconceptof a caseis thoughtof asa tupleconsistingof
a situationanda resultor outcomeassociatedwith thesituation.2

Definition 1 (SBI setup) An SBI setup is a 6-tuple ���� 	 
�� 
 ��� � ��� ��� � ��� � ��� ���
, where



is a finite set of situations

endowedwith a probability measure

 �

(on � � ), � is a setof re-
sults,and

����
 �!�
assignsresultsto situations.Thefunctions� �"� 
$#%
$�'& ( � ) *

and
� �+� �,#%� �'& ( � ) *

define(reflexiveand
symmetric)similarity measuresover thesetof situationsandtheset
of results,respectively.

�
is a finitememory� �,- � . � � / � � � � . 0 � / 0 � � 1 1 1�� � . 2 � / 2 � 3 (1)

of cases4�� � . � �5	 . � �76"
8#9� . Let : �<;��= � ��	 . � . > � ? . � . >�69
�@
and : �A;�B= � �%	 �5	 . � � �5	 . > � ��? . � . > 6�
7@ denotethesetsof actually
attainedsimilarity degrees.

Theprobabilitymeasure

 �

in Definition 1 modelstheoccurenceof
cases.Thus,it is assumedthatsituationsarechosenrepeatedly(and
independently)accordingto


 �
.3 This kind of statisticalassumption

(on thedistributionof trainingsets)is typicalof machinelearning.
Even thoughwe assumethat situationsdetermineoutcomes,the

derivation of resultsmight involve a computationallycomplex pro-
cess.In this connection,we understandsimilarity-basedinference
as a methodsupportingthe overall processof problemsolving by
bringingplausibleresultsof a new situationinto focus.Thus,given
anSBI problem

� � � . C � consistingof a setup� anda new situation. CD6E

, the taskis to predicttheresult

/ C � �5	 . C � associatedwith. C
. To thisend,SBI performsaccordingto theCBR principle: It ex-

ploitsexperiencein theform of precedentcasesto whichit “applies”
backgroundknowledgein theform of theheuristicCBR hypothesis.

2.1 Probabilistic Similarity Profiles

Consideraproblem
� � � . C � with amemory(1)of cases.Accordingto

thestochasticoccurenceof situations,thesequence
	 . � � 1 1 1�� . 2 � . C �0

For reasonsof generality, theseexpressionsarepreferredto thecommonly
usedterms“problem” and“solution.”F�G

is henceasequenceof notnecessarilydifferentcases.



can be seenas the realizationof a randomsequenceof situationsH I�J K L L L�K I M K I�N O
which is characterizedby theprobabilitymeasureH P Q�O M R�J$ST P Q%U$P Q%U8L L L UEP QV W X YM�RDJ

times

L
(2)

This measure defines the (discrete) probability spaceH Z M R�J K H P Q�O M R�J O
underlyingtheSBI problem.

In accordancewith the CBR hypothesis,SBI is particularlycon-
cernedwith modelling the (similarity) relation betweenpairs of
cases.Thus,we shall pay specialattentionto (2) with [ T�\ . The
moregeneralcase[E] \ andtherelatedproblemof combining(un-
certain)evidenceobtainedfrom differentcaseswill bediscussedin
Section5.

Considera randomtuple
H I�K I�^ O�_"Z8`9Z

of situations.Theran-
domvariablea T H b�K cDO , with

b T8d Q�H I�K I ^ O beingthesimilarity
of thesituations,and

c T8d e H f5H I�O K f5H I ^ O O denotingthesimilarity
of theassociatedoutcomes,is thendefinedon theprobabilityspaceH Zg`hZ�K P QhUEP Q�O

asthemappingH i K i ^ O�jkml d Q�H i K i ^ O K d e H f5H i O K f5H i ^ O O n�L
Let
P�o ST a H P Q�U8P Q�O be the inducedprobability distribution onp Q�` p e anddefinethemarginaldistributions

P q
on
p Q

and
P�r

onp e in thesameway. Wewrite
P Q�H i O

insteadof
P Q�H s i t O

for
i�_9Z

.
We also usenotationssuchas

H b Tvu O for events
bEw J H u O andP r�x y q7z�{ | ST c9H H P Q�U8P Q�O H } ~ b"w J H u O O O to denotecorresponding

conditionalprobabilities.

Definition 2 (probabilistic similarity profile) Consider an SBI
setup � and let � H p e O denotethe classof probability measures
over
p e . Thefunction� ��� p Q�k � H p e O K u jk<P r5x y q7z�{ |

is calledtheprobabilisticsimilarity profile (PSP) of � .

ThePSP

� � is intendedasacharacterizationof thesimilarity struc-
tureof thesystemunderconsideration,

H Z�K ��K f�O
. For eachdegreeof

similarity u _ p Q , it specifiestheprobabilitydistributionof thesim-
ilarity of results,i.e., of therandomvariable

c
, giventhesimilarity

of two situations.It thusgivesaprecisemeaningto theCBR assump-
tion that “similar situationsare likely to have similar outcomes.” In
fact,it clarifiesthemeaningof “lik ely” in termsof probabilitydistri-
butionsanddepictsits dependency on thesimilarity of situations.

A PSP is a global modelof a similarity structurein thesensethat
it appliesin the sameway to all (pairsof) cases.The strongerthe
similarity structureis developed,the more informative this model
will be. In fact, the PSP provides a preciseidea of the extent to
which theCBR hypothesisholdstruefor thesystemunderconsider-
ation.4 However, quiteoften the CBR assumptionwill not besatis-
fied equallywell for all partsof the instancespace

Z8`9�
.5 In such

situations,thePSP might bemisleadingin thesensethat it pretends
too muchprecisionfor the “critical” regionsandtoo little for those
regionswheretheCBR assumptionholdsfairly.

Onepossibilityof avoidingthisproblemis to partitiontheset
Z

of
situationsandto derive respective localmodels.However, since

f
is

generallyunknown, thedefinitionof sucha partitionwill notalways
be obvious, all the more if

Z
is non-numerical.Here,we consider�

Thisquantificationmightbecarriedevenfurtherbyconsideringinformation
measuresfor theprobabilitydistributionsassociatedwith a PSP.�
In a gameplayingcontext, for example,the CBR principlehardlyapplies
to certain“tactical” situations[16].

a secondpossibility, namelythat of maintainingan individual sim-
ilarity profile for eachcasein the memory. This approachis some-
how comparableto theuseof local metricsin � NN algorithmsand
instance-basedlearning,e.g.,metricswhich allow featureweightsto
vary asa function of the instance[18]. It leadsus to introducethe
conceptof a local similarity profile.

Definition 3 (local similarity profile) Consider a fixed situationiB_�Z
, and let

I
be distributed according to

P Q
. Moreover, letbh� T8d Q�H i K I�O , c � T8d e H f5H i O K f5H I�O O . Thelocal probabilisticsim-

ilarity profileassociatedwith
i
, or
i
-PSP, is definedas� �� � p Q9k � H p e O K u jk<P r � x y q�� z�{ | L

A collection

���� T s � �� ~ � i K f5H i O �$_��<t of local profiles is
calleda local

�
-PSP.

Oneverifiesthat the(global) PSP (cf. Definition 2) is a (pointwise)
weightedaverageof the local profiles associatedwith individual
cases: � u _ p Q � � � H u O��+�� � Q5� H i K u O�}

� �� H u O K
where

� � denotesthe PSP of a setup� , and

� �� is the local PSP
associatedwith

i9_$Z
. Moreover, � H i K u O T P Q�H i O�} � b%� H P Q�O � H u O

for all
iE_BZ

, where
b%� � Z�k p Q denotesthe mapping

i ^ jkd Q�H i K i ^ O .
2.2 Probabilistic Similarity Hypotheses

Of course,knowledgeabout the (local) PSP of a certainsetup �
will generallybeincomplete.Thismotivatestherelatedconceptof a
similarity hypothesis, which is thoughtof asanestimationof a PSP.
It canhencebe seenasan expressionof the CBR hypothesisat a
formal level.

Definition 4 (similarity hypothesis) A probabilistic similarity hy-
pothesisis identifiedby a function

� � p Q"k � H p e O . A local
�

-
hypothesisis a collection

���
of hypotheses

� � � p Q$k � H p e O
relatedto cases

� i K f5H i O �5_9�
.

Maintaininga local
�

-hypothesisseemsparticularlyreasonableif
only few casesarestoredin thememory. Theestimationof localhy-
potheses

� �
will thenbepracticable,eventhoughit is computation-

ally moreexpensive anddoesgenerallyrequiremoredatathanthe
(reliable)estimationof aglobalprofile.Notethataglobalhypothesis
�

canreasonablyserveasaprior estimation

� �
whenstoringanew

case
� i K � �

in thememory. Furtherobservationscanthenbeusedfor
adaptingthis (local) hypothesisto thesituation

i
.

A similarity hypothesiscan originate from different sources.
Firstly, it might expressa quantificationof the CBR assumption
basedon some(domain-specific)backgroundknowledge.Secondly,
it is anaturalideato considertheacquisitionof hypothesesasaprob-
lem of case-basedlearning, i.e., to learnhypothesesfrom observed
(pairsof) cases.This way, SBI combinesinstance-basedlearning,
which essentiallycorrespondsto the organizationof a memoryof
cases,andmodel-basedlearning, namelythe learningof similarity
hypotheses.Within theprobabilisticsettingof thissection,thelearn-
ing of hypothesescomesdown to estimatinga classof probability
distributions,andcanhencebeconsideredin thecontext of statisti-
cal inference.Interestinglyenough,aBayesianapproachcanbeused



for combining� thetwo aforementionedapproaches:Takingaprior es-
timationasa point of departure,a similarity hypothesisis improved
in thelight of observeddata.Sincetheproblemof case-basedlearn-
ing is not addressedin this paperwe shall subsequentlyassumethe
existenceof a similarity hypothesiswithout scrutinizingits origin.

Now, consideran SBI problem � �7� � � � and let � be a hypoth-
esisrelatedto the similarity profile �%� . Moreover, let � � �   � be a
casefrom the memory ¡ . Knowing the similarity of situations,¢"£�¤ ¥�¦ � � � � § , thehypothesis� allows for characterizingthe (un-
known) similarity of outcomes,¤ ¨D¦   �   � § , by meansof therandom
variable ©<ª�� ¦ ¢ § . At this point, two characteristicpropertiesof
SBI becomeobvious.Firstly, SBI is indirect in the sensethat pre-
dictionsof outcomesareonly obtainedin asecondstepfrom predic-
tionsof similarity degrees,which arederivedfirst. This necessitates
the transformationof distributionson « ¨ into distributionson ¬ .
Secondly, SBI is local in the sensethat a PSP (just as the CBR
hypothesisitself) supportsthe derivation of predictionsfrom single
cases.Given a memoryof several cases,this calls for thecombina-
tion of probabilisticevidenceobtainedfrom individual observations.
Thetransformationandcombinationof evidencewill bediscussedin
Section4 andSection5, respectively.

3 CASESAS INFORMA TION SOURCES

The combinationof probabilisticevidencein connectionwith SBI
can be consideredin a more generalcontext, namely the parallel
combinationof informationsources. Theproblemof combiningcon-
currentpiecesof (uncertain)evidencearisesin many fieldssuchas,
e.g., robotics (sensorfusion) or knowledge-basedsystems(expert
opinionpooling),andit hasbeendealtwith in a probabilisticsetting
[11] aswell asalternativeuncertaintyframeworks[5]. Thecombina-
tion of evidencederived from individual casesis perhapsbestcom-
paredto thatof expertopinionpooling:Eachcasecorrespondsto an
expert,andthepredictionof theunknown outcomeassociatedwith
a caseis interpretedasanexpertstatement.Thetaskis to synthesize
thesestatements.

A generalframework for theparallelcombinationof information
sourceswhichseemssuitablefor ourpurposehasbeenintroducedin
[10]. A basicconceptwithin this framework is thatof an imperfect
specification: Let ­ denotea(finite) setof alternatives,consistingof
all possiblestatesof anobjectunderconsideration,andlet ®���¯�­ be
theactual(but unknown) state.An imperfectspecificationof ®�� is a
tuple ° £�¦ ± � ² ³�§ , where² ³ is a probabilitymeasureover a (finite)
set ´ of specificationcontexts and ± is a function ´�µ!¶ · .6 The
problemof combiningevidenceis thendefinedasgeneratingoneim-
perfectspecification° from ¸ imperfectspecifications°�¹ � º º º�� °�» ,
issuedby ¸ differentinformationsources.

From a semanticalpoint of view, a specificationcontext ¼"¯B´
canbeseenasaphysicalor observation-relatedframecondition,and±�¦ ¼ § is the(mostspecific)characterizationof ®�� thatcanbeprovided
by the informationsourcein the context ¼ . Thevalue ² ³ ¦ ¼ § canbe
interpretedasan (objective or subjective) probability of selecting¼
asa true context. An imperfectspecificationis thusable to model
imprecisionaswell asuncertainty: Themeasure² ³ accomplishesthe
considerationof (probabilistic)uncertainty. Moreover, themodelling
of imprecisionbecomespossibledueto thefactthat ± is aset-valued
function.½

Formally, animperfectspecificationis nothingbut aset-valuedmappingon
a probability space,a well-known conceptin connectionwith randomset
approaches[7].

4 TRANSFORMATION OF EVIDENCE

Accordingto the indirect approachrealizedby SBI, evidencecon-
cerningoutcomesis derived in two stages,wherethe secondstep
consistsof translatingevidenceconcerningsimilarity degrees,given
in theform of probabilitymeasures,into evidenceaboutresults.

Considera probability measure¾ £ � ¦ ¤ ¥�¦ � � � � § § over « ¨
which hasbeenderived from a case � � �   � , and which is taken as
evidenceconcerningthesimilarity between  andtheunknown out-
come   � £v¿5¦ � � § . When interpretingthis caseas an information
source° £ ¦ ± � ² ³�§ , thesetof specificationcontexts is givenby the
setof possibledegreesof similarity À £8¤ ¨D¦   �   � § . Thatis,

´ £ « ¨ �±�¦ ¼ § £Á¤�Â Ã ¹ Ä¨ ¦   � ¼ § �² ³ ¦ ¼ § £ ¾ ¦ ¼ § � (3)

where¤�Â Ã ¹ Ä¨ ¦   � ¼ §EÅ£+Æ   Ç�¯9¬BÈ ¤ ¨%¦   �   Ç § £ ¼ É for all ¼�¯�´ . Theset±�¦ ¼ § is obviously themostspecificrestrictionof ¿5¦ � � § whichcanbe
derivedfrom thecase� � �   � in thecontext ¼ , i.e.,from theassumption
that ¤ ¨D¦ ¿5¦ � § � ¿5¦ � � § § £ ¼ andthefact that ¿5¦ � § £   . Observe that
we mayhave ±�¦ ¼ § £�Ê for some¼D¯E´ , which meansthat ¼ cannot
bea truecontext andthat ° is contradictory[10]. It is thennecessary
to replace° by a revisedspecification° Ç £�¦ ± Ç � ² ³ Ë § . The latter is
definedby

´�Ç £ÌÆ ¼�¯"´$È ±�¦ ¼ §�Í£+Ê É �± Ç ¦ ¼ Ç § £Á±�¦ ¼ Ç § �² ³ Ë ¦ ¼ Ç § £ÏÎDÐ ² ³ ¦ ¼ Ç §
for all ¼ Ç�¯�´�Ç , with Î beingthenormalizationfactor, i.e.,Ñ Ò Î%£ÔÓÕ Ö ³�× Ø Â Õ Ä ÙÚ Û ² ³ ¦ ¼ § º (4)

Subsequently, the imperfect specificationassociatedwith a case� � �   � will alwaysreferto thealreadyrevisedspecification.7

Observe that the imperfectspecification° thusdefinedis closely
relatedto the conceptof a massdistribution in the belief function
setting [17]: Let ÜAÝD¶ ·,µßÞ à � Ñ á be a massdistribution over a
set ­ , i.e., Ü ¦ Ê § £ à and â+ã�ä · Ü ¦ å § £ Ñ . Moreover, let æ £Æ å ¹ � º º º � å�ç É £AÆ åvè ­"È Ü ¦ å §Eéêà É denotethe (finite) set
of focal elements. We canthenassociatean imperfectspecification° £B¦ ± � ² ³�§ with Ü :

´ £ÌÆ ¼ ¹ � º º º�� ¼ ç É �±�¦ ¼ ë § £Ïå ë �² ³ ¦ ¼ ë § £ Ü ¦ å ë §
for all

Ñhì Î ì+í . Theotherway round,eachimperfectspecifica-
tion ° £ ¦ ± � ² ³�§ inducesan(information-compressed8) representa-
tion in theform of a massdistribution Ü , where

Ü ¦ å § £ ÓÕ Ö ³�× Ø Â Õ Ä Ú ã ² ³ ¦ ¼ § (5)

for all å8è ­ and Ü ¦ å §�égà for a finite numberof focalelements.
By makinguseof therelationbetweenthemassfunction(5) and

theimperfectspecification¦ ± � ² ³�§ associatedwith a case� � � ¿5¦ � § � ,î
Wedisregardcasesfor which (4) is not well-defined.ï
A massfunctiondoesnot defineauniqueimperfectspecification.



theevidenceabouttheoutcomeð5ñ ò ó ô derivedfrom õ ò ö ð5ñ ò ô ÷ canbe
representedin the form of a belief function ø ù ú andan associated
plausibility function û ú over ü , where

ø�ù ú ñ ý�ô�þ<ÿ��� � � ñ � ô ö û ú ñ ý�ô�þÁÿ��� �	�
�� � ñ � ô
for all ý
�8ü . ø�ù ú ñ ý�ô and û�ú ñ ý�ô definedegreesof belief andplau-
sibility that ð5ñ ò ó ô is anelementof ý , respectively. Thesevaluescan
alsobeinterpretedaslowerandupperprobabilities.Sincetheimper-
fect specificationand,hence,the massdistribution associatedwithõ ò ö ð5ñ ò ô ÷ is derivedfrom theoutcomeð5ñ ò ô andtheprobabilitymea-
sure�Eñ � ��ñ ò ö ò ó ô ô , theabove belief functioncorrespondsto a trans-
formation � � ��� �� which is now a mappingü����hñ � � ô����9ñ ü9ô ,
where�9ñ ü9ô denotes,say, theclassof normalizeduncertaintymea-
suresover ü :

ø ù ú þ�ø ù ú ñ �9ö ò ó ô�þ�� � ��� ��! ð5ñ ò ô ö �Eñ � ��ñ ò ö ò ó ô ô "
This transformationdefinesa generalizationof � � ��� �� in (3).

Let #"þ ñ $�ö % &�ô betheimperfectspecificationinducedby a caseõ ò ö ð5ñ ò ô ÷ . Theapplicationof ageneralizedinsufficientreasonprinci-
ple [19] makesit possibleto characterizeð5ñ ò ó ô by meansof a prob-
ability measure'�( over ü . Thelatteris definedby'�( ñ ý�ô*)þ ÿ+ , &.- / � + � � �	�
 � % &7ñ 0 ô�1�2 ý435$�ñ 0 ô 22 $�ñ 0 ô 2 (6)

for all ý6�8ü , where 2 782 denotesthecardinalityof theset 7 . This
measureis alsocalledbettingfunction, a termreferringto theuseof
(6) in thecontext of decisionmaking[19].

5 COMBIN ATION OF EVIDENCE

After having discussedthetransformationof probabilisticevidence,
let us now turn to theproblemof combiningevidencefrom several
cases.That is, supposewe are given 9 imperfectspecificationsof
theunknown outcomeð5ñ ò ó ô , whichhavebeenderivedfrom amem-
ory : of 9 casesõ ò � ö ð5ñ ò � ô ÷ ö ; ; ; ö õ ò < ö ð5ñ ò < ô ÷ in connectionwith a
probabilisticsimilarity hypothesis� . Thetaskshallbeto aggregate
thesepiecesof evidence.9

Supposethe similarity betweenð5ñ ò ó ô and ð5ñ ò = ô to be given by> = , i.e., ?A@ABDC5B 9FE�� � ñ ð5ñ ò ó ô ö ð5ñ ò = ô ô�þ > = ; (7)

Wecanthenderive thepredictionð5ñ ò ó ô	GDHð�I J Kgñ ò ó ô , whereHð�I J K8ñ ò ó ô )þML� N = N < � � ��� �� ñ ð5ñ ò = ô ö > = ô (8)

and > þAñ > � ö ; ; ; ö > < ô . This correspondsto a conjunctivecombi-
nation of the individual predictions� � ��� �� ñ ð5ñ ò = ô ö > = ô . Within our
probabilisticsetting,the vector > of similarity degreesis actuallya
randomvariable O<þ<ñ O � ö ; ; ;�ö O < ô , andthe relatedprediction(8)
canhencebeseenasarandomset Hð�P J K8ñ ò ó ô . This ideacomesdown
to consideringthe 9 casesasoneinformationsource,inducingthe
imperfectspecification#�þBñ $�ö % &�ô , whereQ þ ñ � � ô < ö% & þSR�ñ 0 ô ö$�ñ 0 ô þUT � N = N < � � ��� �� ñ ð5ñ ò = ô ö 0 = ô (9)V

Of course,onemight think of utilizing only a limited numberof W*X
Y
cases.

for all 0�þvñ 0 � ö ; ; ; ö 0 < ôZG Q . The measureR correspondsto the
joint probability over ñ � � ô < characterizingthe occurenceof simi-
larity vectors> , i.e., R�ñ > ô is theprobabilityof theevent(7).

Treating 9 casesasoneinformationsourcein thesenseof (9) is
an obvious way of combiningevidence.What makes things diffi-
cult, however, is the fact that the joint probability measureR overñ � � ô < and,hence,theprobability% & in (9)aregenerallynotknown.
It is alsonot possibleto derive R from the informationprovidedby
a PSP, which informs aboutthe (conditional)distributionsof indi-
vidual similarity degrees:A PSP specifiesthe (unknown) similar-
ity > = betweenð5ñ ò ó ô and ð5ñ ò = ô by meansof a probabilitymeasureO =*[ R P	\ � ] 
 ^ _ � ` a J ` b � � , given the similarity of the respective sit-
uations.The randomvariablesO = ñ @*BcC4B 9�ô , however, arenot
stochasticallyindependent.Needlessto say, anextendedprobabilis-
tic model providing the requiredinformation will generallybe in-
tractabledueto thehugenumberof joint measuresit would have to
specify.

If knowledgeaboutthe dependency structureis incomplete,the
mostreasonableway of combiningevidenceis to definethe aggre-
gatedimperfectspecificationas the convex combinationof the in-
dividual imperfectspecifications.10 Let # = þ�ñ $ = ö % & b ô denotethe
imperfectspecificationassociatedwith thecaseõ ò = ö ð5ñ ò = ô ÷ , whereQ = þed C f ��� � ö$ = ñ 0 ô þS� � ��� �� ñ ð5ñ ò = ô ö > = ô ö% & b ñ 0 ôAþSR Pg\ � ] 
 ^ _ � ` a J ` b � � ñ > = ô
for all 09þêñ C ö > = ô5G Q = . Thus,an element0�þ<ñ C ö > = ô specifies
the context in which the

C
th caseis considered,and the similarity

betweenthe correspondingoutcome ð5ñ ò = ô and the unknown out-
come h ó is given by > = . The convex combination#Bþêñ $�ö % &�ô of# � ö ; ; ; ö #�< is thendefinedby

Q þ Q ��i ; ; ; i Q < and$�ñ 0 ô þS$ = ñ 0 ô ö% &7ñ 0 ôAþSj = 1 % & b ñ 0 ô (10)

for all 0.G Q = , wherej	=Ak�l�ñ @ABDC5B 9�ô and j ��m ; ; ; m j�<%þ @ .
Observethatthesetof specificationcontexts in (10)is givenby the

unionof theindividual contexts,whereasit is definedastheproduct
in (9). In fact, theconvex combination(10) doesnot considercom-
binedevents(7) sincetheprobabilitiesof theseeventsareunknown.
Rather, the incompletespecification# shouldbe interpretedasfol-
lows: First, oneof the 9 casesin the memoryis chosenat random,
where j = is theprobability of selectingthe

C
th case.Then,the im-

perfectspecificationassociatedwith theselectedcaseis considered,
andoneof the contexts of this specificationis chosenaccordingto
thecorrespondingprobabilitymeasure.

An importantquestionin connectionwith thecombinationof ev-
idenceconcernsthe determinationof the weights j	= . An obvious
possibilityis to definethemasnormalizeddegreesof similarity, i.e.,j	="þc� ��ñ ò ó ö ò = ô n�o <p 
 � � ��ñ ò ó ö ò p ô , which is commonpracticein
locally weightedapproximation[4] andinstance-basedpredictionof
numericvalues[13]. However, onemightalsothink of moresophis-
ticatedapproacheswhichtake,say, the“typicality” or “reliability” of
individual casesinto account.Thelattermight beestimated,e.g.,by
comparingthepredictionsobtainedfrom a caseto actuallyobserved
outcomesin asequenceof inferenceproblems.

Now, consider an SBI problem õ q�ö ò ó ÷ . Let � = ñ �9ö ò ó ô andø�ù ú = ñ �9ö ò ó ô denote,respectively, the massdistribution and belief� ó Othertypesof aggregationsuchas,e.g.,conjunctive or disjunctive pooling
might bereasonableaswell. This, however, presupposesspecialassump-
tionsaboutthedependency structure[10].



function inducedby the r th cases t u v wgx t u y z which correspondsto
the r th specification{ u . Thatis,| } ~ u x �Zv t � y������ ��� ���� wgx t u y v �8x � �	x t � v t u y y ��v
with � beinga hypothesisrelatedto ��� . Thecorrespondingfunc-
tion
|�} ~

associatedwith the convex combination(10) is thengiven
by | } ~ x �Zv ��v t � y	����u � � � u�� | } ~ u x �Zv t � y � (11)

In plainwords,combiningevidenceattheinstancelevel comesdown
to deriving the convex combinationof the belief functionsinduced
by individual caseswherethe weight of a casedependson charac-
teristicssuchas,e.g.,similarity, typicality, or precision.Observe that
theglobalhypothesis� in (11) is replacedby the local hypotheses
associatedwith the respective casesif SBI proceedsfrom a local� -hypotheses��� :| } ~ x � � v ��v t � y	����u � � � u�� |�} ~ u x ��� � v t � y

Given a setup � with memory � , a prediction(11) canprinci-
pally bederivedfor all situationsin � . Thisway, thesimilarity-based
inferenceschemecan be generalizedto a “belief function-valued”
approximationof w :11�w��g� �¡  �8¢�£Zx ¤Zy v t�¥¢ |�} ~ x �Zv ��v t y �
Of course,it is not necessaryto derive a prediction(11) for those
situationswhich have alreadybeenobserved andarestoredin � ,
sincethe correspondingoutcomecansimply be retrieved from the
memory. Thatis,

�w��g� � shouldactuallybedefinedas�w��	� � x t y��§¦ |�} ~ ¨ © � � � ª if s t v wgx t y z	«��|�} ~ x �Zv ��v t y if s t v wgx t y z.¬«�� v
where

|�} ~ ¨ © � � � ª x ­.y��¯® for ­¯°¡wgx t y and
| } ~ ¨ © � � � ª x ­.y*�²±otherwise.

6 CONCLUDING REMARKS

Wehaveproposedageneralframework of similarity-basedinference
whichcombinesprinciplesandconceptsfrom instance-basedreason-
ing andreasoningunderuncertainty:Observed casesareevaluated
againstthe backgroundof the heuristicCBR hypothesis,which is
formalizedbymeansof aprobabilisticmodel.Thisway, theavailable
case-basedevidenceconcerning,say, thesolutionto a new problem
is quantifiedin the form of a belief function over the setof candi-
dates.SBI thussupportstheoverall processof (case-based)problem
solvingby providing a (preliminary)estimationof thesuitability of
potentialsolutions.

A probabilisticapproachto SBI seemsappealingfrom severalper-
spectives.Firstly, it providesanadequateformalizationof the CBR
hypothesis,sinceit emphasizesthe heuristicnatureof this assump-
tion. In fact, characterizingthe belief in the unknown solution by
meansof anuncertaintymeasureseemsmoreappropriatethansim-
ply giving a“point-estimation.” Secondly, aprobabilisticmodelhasa
clearsemanticinterpretation(whethersubjective or objective) which� � This functioncorrespondssomehow to what is calledanextensionalcon-

ceptdescriptionin instance-basedlearning[3].

seemsadvantageousfrom the viewpoint of knowledgerepresenta-
tion. It also facilitatesmodellingandknowledgeacquisitiontasks.
Thirdly, theprobabilisticapproachmakesthepowerful methodolog-
ical framework of probabilisticreasoningandstatisticalinferenceac-
cessibleto CBR.

It hasalreadybeenmentionedthatourapproachis relatedto (clas-
sificationor estimation)methodsbasedon theNN principlesuchas,
e.g., instance-basedlearning.It can be seenas a generalizationof
suchmethodsin thesensethatindividualpredictionsaregivenin the
form of belief functionsinsteadof, say, preciseclasslabels.These
predictionsaresynthesizedby meansof a linearcombinationinstead
of, e.g.,majority voting.However, therearealsoimportantmethod-
ological differences.Without going into detail, let us only remark
that most instance-basedmethodsmake useof the CBR hypothe-
sisby moreindirectmeans,somehow takingits validity for granted.
As opposedto this, SBI fits anexplicit modelof the CBR assump-
tion, namelya probabilisticsimilarity hypothesis,to thecurrentap-
plication,therebycombininginstance-basedandmodel-basedlearn-
ing. Needlessto say, that takingthevalidity of the CBR hypothesis
into accountandpointing out the credibility of proposedsolutions
seemsindispensiblefor certainapplicationsof CBR suchas,e.g.,
experience-basedreasoningin medicine.
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