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Abstract. Estimatingcomputationalcost is a fundamentalissuein
time-boundedcomputation.We presenta methodfor estimatingthe
hardnessof optimisationproblems(find a minimal costsolutionto
instance� ) by observingthatof thecorrespondingdecisionproblems
(has� asolutionof costlessthanthreshold� ). Provided � is not too
closeto theoptimal,decisionis typically mucheasierthanoptimisa-
tion, yet knowing thehardnessof theformer is usefulfor predicting
thelatter. Thepresentpaperreportsanexperimentalinvestigationof
this idea,with encouragingresults.An investmentof a few percent
of thework requiredfor optimisationsufficesfor estimationwithin a
smallfactor, evenusingaverysimpleimplementationof themethod.

1 INTR ODUCTION

Many combinatorialproblemsfoundin scheduling,network design,
planningandthelikehavebothanoptimisationform (find aminimal
costsolution)anda correspondingdecisionform (is therea solution
of costlessthanthreshold� ). Thecloserelationshipbetweenthese
two formsof theproblemsisexploredin [4] and[13], with anempha-
sison their respective computationalcostor hardness. As illustrated
in Figure1, which we borrow from [13], the hardnessof decisions
is polynomialin thehardnessof optimisationandexponentialin the
distanceseparatingthedecisionthreshold� from thecostof theop-
timal solution.This hasbeenobserved in many domains,andtends
to hold not only on averageover probleminstancesasshown in the
figure,but alsofor individual instances.

In [13] this relationshipis exploited to obtainan estimateof the
hardnessof decisionsusingan estimateof the hardnessof optimi-
sation.However, the converseideaof observingdecisionproblems
in orderto estimatethehardnessof finding anoptimal solutionhas
neverbeeninvestigated.Weseetwo goodreasonswhy it oughtto be.
Firstly, it appearsto be moreuseful,sincea goodpredictionof the
hardnessof optimisationis a key issuein time-boundedreasoning.
Secondly, thedecisionproblemstendto bemucheasierthantheop-
timisationones,andit makesbettersenseto usetheeasyto estimate
thehardthanviceversa.

To illustratehow thiscouldwork, we begin with anexample.Fig-
ure 2, which is somethinglike a slice throughFigure1, shows the
hardnessof computingdecisionsfor a single typical problem in-
stancetakenfrom thesameblocksworld domainasusedfor Figure1.
The � axis is the decisionthreshold� andthe � axis the hardness
of decidingwhetherthereis a plan shorterthan � . Themeasureof
hardnessis thenumberof branchesexploredby thedomain-specific
solver describedin [13]. For eachthreshold,the solver was rerun
8 timeswith randomtie-breaking,resultingin the observed spread
�
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Figure 1. Averagehardnessof decisionplottedagainstdifferencebetween
threshold� andoptimal solutioncost,andhardnessof optimisation.6000
instancesof ablocksworld planningdomainwereusedto producethefigure.
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Figure2. Hardnessof decisionsfor asingleblocksworld planninginstance,
plottedagainstthedecisionthreshold(requiredplanlength).

of datapoints.Thevertical line indicatestheoptimal(shortest)plan
length,which happensto be 172 moves in this case.To the left of
the vertical line, the decisionsare negative and becomeexponen-
tially harderto derive as the thresholdapproachesthe optimal. To
theright, thesearchproducesaplanandagainthehardnessincreases
exponentiallywith closenessto theoptimum.Thevarianceis much
greateron the right thanon the left, for muchthe samereasonthat
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Figure 3. A basisfor estimation?Data points from Figure 2 obtainable
within a limit of 3000backtrackspersearch.
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Figure 4. Anotherexample:hardnessof decisionsfor a singleinstanceof
minimumones.Theblackpointsarethoseavailablecheaply.

randomrestartis effective on underconstrainedproblemsbut not on
overconstrainedones:thereis randomnessin how muchof thesearch
treewill be traversedbeforethe first solutionis found.As notedin
[4], thehardnessof optimisation—i.e.of computinganoptimalsolu-
tion andproving it optimal—isapproximatelythatof solvingthetwo
decisionproblemswith thresholdat eithersideof theoptimal (here
with ��

����� and ��

����� ).

Briefly, ourapproachis to estimatethepositionof thepeakin Fig-
ure2 by observingthedatapointsin thelow partof thecurve.Figure
3 shows thosedatapointsfrom Figure2 obtainableverycheaply—in
threeordersof magnitudelesstime thanis requiredfor optimisation.
A naturalideais to estimatethecurveof hardnessfor thenegativede-
cisionsandthatfor thepositive decisions,extrapolatebothhardness
curvesandnotethepoint wherethey cross.The � coordinateof this
pointgivesanestimateof theoptimumsolutionandthe � coordinate
anestimateof thehardnessof computingit. Indeed,it is not hardto
arrive at a hardnesscurve on thenegative side:the linearregression
fitted to thelogsof thenegative observationsis a goodstart.On the
positive side,however, curve fitting is sounreliableasto be almost
uselessbecauseof the extremely large variance.Instead,therefore,
weusea functionlearnedfrom previousexperiencewith thedomain
(blocksworld in this example)to estimatetheamountby which the
bestobserved solution(175 in this case)exceedstheoptimum.The
hardnesscurve extrapolatedto the point where � reachesthe esti-
matedoptimumvaluegivesareasonablygoodestimateof theheight
of thepeak.Moreexactly, asalreadynoted,thehardnessof optimisa-

1. Findanunderestimate��� andanoverestimate��� of the
optimalsolutioncost.

2. While globalresourcesremaindo

(a) Choosesomethreshold� in therange������������� .

(b) Seta local resourcebound � .

(c) Attemptto solve thedecisionproblemwith threshold�
within bound � andrecordthehardnessif successful.

(d) Extrapolateacurve ��� �"! from theaccumulateddataon
negative decisions.

(e) Estimatethesolutioncost # of the optimal solutionon
thebasisof theaccumulateddataonpositive decisions.

(f) Estimatethehardnessof optimisationonthebasisof the
predictedpeak �$� #&%'��! .

Figure5. Theestimationalgorithm

tion is closeto thesumof thehardnessof decisionsfor �(
 optimal
and �(
 optimal %)� .

To demonstratethat this idea is by no meansconfinedto blocks
world or even to planning,Figure4 shows anotherexampletaken
from minimumones,a logic domain.

2 THE METHOD

Theabove examplesaresuggestive,but examplesdonotmakeanal-
gorithm.In fact,we shallnot presenta specificalgorithm,but rather
amethodor algorithmschemewhichmustbeinstantiatedto thecase
of eachparticularproblemdomainto which it is applied.We shall
subsequentlyexaminetheperformanceof threeinstantiationsof the
generalmethod,designedfor differentdomains:blocksworld plan-
ning (BW), the travelling salesmanproblem(TSP) and minimum
ones(MIN-ONES).

Overall, the genericalgorithm, outlined in Figure 5, is an any-
time procedurewhich runsuntil a globalresourceboundis reached.
This could be a fixed time limit, or simply the user’s patience,but
in practicewe find it mostuseful to imposeboth a static limit and
alsoacutoff whenthetimealreadyspentin estimationexceedssome
proportionof theestimatedhardnessof optimisation.This actsasa
roughclassifierof whethertheinstanceis too easyto beworth (fur-
ther)estimation.

Severalcommentsarein orderbeforewe proceedto examinein-
stancesof the method.Firstly, thereareoptimisationproblemsfor
which step1 is intractable.3 For example,in generalpropositional
STRIPSplanning,even decidingwhetheran upperboundexists is
PSPACE-hard.For suchproblems,of course,our methoddoesnot
alwayswork. However, in a wide rangeof cases,thereexist compu-
tationallyinexpensiveprocedureswhichdeliversuboptimalsolutions
suitablefor setting ��� . As for ��� , even in the worst caseit is al-
ways possibleto choose0 as a value.Hencethe requirementthat
step1 beperformedquickly doesnot imposea seriouslimitation in
practice.

Secondly, the templatedoesnot specifyhow the threshold� and
the local resourcebound � areto be selected.Naturally, the selec-
tion shouldbe designedto yield new information,thoughthis does
not precludechoosingthe samethresholdseveral timeswhich may

*
It mayevenbeimpossible,in undecidablecases,asfor examplewherethe
optimisationproblemis to find theshortestresolutionproof of anarbitrary
setof first-orderclauses.
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prove valuableif thesearchmethodusesrandomtie-breaking.In the
experimentsreportedbelow, we did not reasondeeplyaboutthese
settings,but evidently muchmorereasoningis possible.For exam-
ple, backgroundknowledgefrom previousexperimentscanbeused
to maximisethe expectedutility of thesechoicesin the mannerof
[7].

Thirdly, thecalculationof thecurve of expectedhardnessof neg-
ative decisionsandthe useof the given informationaboutpositive
decisionsto arrive atanestimateof theoptimumcanbemoreor less
sophisticated.A reasonabledefault for the former is to usea linear
least-squaresfit to logarithmsof theobservedvalues,thoughclearly
it makessenseto givehighervaluesmoreweightthanloweronesfor
this purpose.Again, experiencewith a given domainmay be used
to learn someadjustmentof the linear projection.As for estimat-
ing the optimum,in this paperwe arenot concernedto investigate
thatissueintensively; in ourexperiments,we simply learnthe(aver-
age)amountby which thebestknown positive solutionis expected
to exceedthe optimal. That is not to deny the importanceof more
refinedtechniques,startingwith learninga probability distribution
for the expectedoptimum ratherthan just an averagevalue.How-
ever, wepresentourexperimentalresultsascompellingevidencethat
evencrudetechniquesaregoodenoughto yield excellentpredictions
acrossa rangeof domains.

3 EXPERIMENTS

In order to investigatethe effectivenessof our approach,we con-
ductedexperimentson randomlygeneratedinstancesof threeprob-
lems: BW, TSP andMIN-ONES. The decisionproblemsfor these
show a marked easy-hard-easypatternas in Figure 2, resultingin
rathergoodpredictionsespeciallyfor hardinstances.

In ourexperiments,wewish to comparetheestimatedhardnessof
optimisationwith the actualhardness.We thereforegeneratedran-
dominstancesof sufficient sizefor someof themto bedifficult, but
small enoughfor optimal solutionsto be obtainedfor the compari-
son.

As a performancemeasure,we report the proportional error of
theestimateasafunctionof thetimeatwhichtheestimationis inter-
rupted.For thepurposeof comparingactualandpredictedhardness,
proportionalerror is definedas the ratio of the larger of thesetwo
figuresto thesmaller, andtime is definedasthenumberof branches
the estimatorhasexplored,asa percentageof thenumberexplored
by theoptimalsolver.

We give resultsfor thehardest10% of probleminstancesamong
thosegenerated,sincein practicethesearetheoneswhosehardness
is worth predicting.Becauseour estimatorabortsan instancewhen
it decidesthat it hasspenttoo muchtime on it in proportionto the
costof optimisation,seriouslyincorrectestimatesarepossibleif a
hard instancegetsmisclassifiedas trivial in the first few iterations
of theestimationloop, dueto unexpectedlylow valuesfor ��� and
consequentinitial under-estimationof theoptimalsolutioncost.We
additionallyreportthenumberof instancessomisclassified.

3.1 Blocks World (BW)

For theseexperiments,we considerthe most basicversionof BW
planningin which both the initial stateandthe goal statearecom-
pletely specifiedand in which the table has infinite capacity. The
solutioncost is the numberof steps(move block � from � to + ) in
the plan. Optimal BW planningis NP-hard[6] thoughapproxima-
tion within a factorof 2 is possiblein linear time [12] andtheaver-
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Figure 6. Averageproportionalerror of estimateson hard BW instances
with 125blocks,plottedagainsttime investedin estimation.

agecaseperformanceof theapproximationalgorithmsis muchbetter
thantheir worstcase.

Our sampleconsistedof 1000 BW probleminstanceswith 125
blocks,randomlygeneratedwith uniform distribution [12]. To solve
themoptimally, we usedthe iterative deepeningalgorithmoutlined
in [13]. For easynegative casesof thedecisionproblem,we useda
similar iterative deepeningsearchwith the decisionthresholdas a
hardboundon thedepthof thesearchtree.For positive cases,how-
ever, this methodis inappropriateasit would amountto solving the
(hard)optimisationproblemasasteptowardsreachingtheeasypos-
itive decisions.On the positive side,therefore,we ran a depth-first
searchwith thespecificdecisionthresholdasits depthbound,with-
out iterativedeepening.

Theupperbound ��� of thewindow ( �,���-���.��� ) wasobtained
usingthelineartimeapproximationalgorithmGN2[12], whichover-
estimatesthe plan lengthsby less than 10% on average.For �,�
we usedthe numberof misplacedblocks plus the numberof sin-
gletondeadlocks(see[12] for definitions)which givesa fairly tight
lower boundfor problemsof thesizeconsideredandis computable
in quadratictime.

Thelocal resourcebound � wassetinitially to a low figure(100
branches)andincreasedby 200after eachpair of iterations.� was
chosenalternatelyto be one greaterthan the highestthresholdso
far giving a negative decision,andonelessthanthe lowestgiving a
positive one.Theiterative deepeningmethodusedfor negative deci-
sionsrepeatsthosefor thresholds/0���21�������13�$%���4 on thewayto � ;
becauseit usesrandomtie-breaking,it yieldsnew measuresof hard-
nessfor thresholdslessthan � , providing usefulextradatapoints,as
alreadyillustratedin Figure2.

Figure6 shows theaverageerrorof predictionsmadeby our any-
time algorithm as a function of the time for the 10% hardestin-
stances.All of theseinstancesrequiredthe optimal solver to back-
track over a million times. It is clear that the averageprediction
very quickly settlesdown to bewithin a factorof about2 of theac-
tual hardness.This occurswhenthe backtracksusedfor prediction
amountto some1% of thoseneededfor optimisation.On easierin-
stances,thetimerequiredfor thepredictionto convergeonafigureis
lessabsolutely, but proportionallymoreof theoptimalsolutiontime,
and the predictionis similarly betterin absolutetermsbut propor-
tionally lessgood.

Noneof the10%hardestinstancesweremisclassifiedby thealgo-
rithm. Of 418 instancesrequiringover 100,000backtracks,only 16
weremis-classified.
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Figure 7. Averageproportionalerror of estimateson hardgeometricTSP
instanceswith 20cities,plottedagainsttime investedin estimation.

3.2 Travelling SalesmanProblem(TSP)

The problemhereis to find a minimal-costHamiltoniancircuit in
a completeundirectedgraphwith edgeweights.In the versionof
theproblemconsideredin this paper, thepointsarechosento lie on
a planeandtheedgeweightsaretaken to be thedistancesbetween
themin Euclideanspace.Thereisalargeliteratureonthisandclosely
relatedproblems,from boththeAI andORcommunities.4

As in thecaseof BW, theoptimisationproblemis NP-hard.With
arbitraryedgeweights,TSPis not approximablewithin a constant
in polynomialtime, thoughwith theadditionof thetriangleinequal-
ity it is approximablewithin a factorof 3/2 andwith Euclideandis-
tancesas the weights,aswe usehere,it admitsa polynomial time
approximationscheme[1]. Interestingly, theminimal solutioncosts
for randomlyselectedTSPinstancesonasquareclusterverystrongly
aroundaknown meanasthenumberof citiesbecomeslarge[3]. This
meansthatfor largenumbersof cities,thelengthof theoptimaltour
is highly predictable,thoughthehardnessof optimisationis not.

Wegenerated1000probleminstancesconsistingof 20pointsran-
domly placedon a square.We give resultsfor uniform distribution,
thoughwe also tried somedegree of clusteringof the points and
found that the techniquestill works, albeit with somedegradation
in the quality of the estimation.As a solver we useda branchand
boundalgorithm with the well-known “regret” heuristic.The first
solutionfound,on theleftmostbranchof thesearchtree,wastreated
bothas ��� andastheestimatedoptimum,5 soall of thesubsequent
work wentinto gatheringinformationconcerningnegativedecisions.
For ��� wetook ���65���7 , whichis a low underestimateandis always
greatlyimprovedonwithin afew iterationsof theanytimealgorithm.

As in the caseof BW, we increasedthe local resourcebound �
arithmeticallybetweeniterations.We usedthepredictedhardnessof
decisionsto selectas the next decisionthresholdthe highestvalue
likely to yield a negative decisionwithin the limit � . This selection
wasmadeusinga leastsquaresfit on the highest50% of solution
costsfor whichhardnessdatawereavailable.

Figure7 shows theaverageerrorof predictionsmadeby ouralgo-
rithm asa functionof thetime for the10%hardestinstances.These
requiredat least400,000nodeexpansionsfor their optimalsolution.
Noneof themweremisclassifiedby thealgorithmastoo easyto be
worthpredicting.
8

See[11] for anoverview of thefield.9
This simplifying assumptionmay appearratherdrastic,but asa matterof
fact,with only 20 cities,it givestolerablyaccurateresultsandis therefore
legitimatein thiscontext.
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Figure 8. Averageproportionalerrorof estimateson hardMIN-ONES in-
stanceswith 100variables,plottedagainsttime investedin estimation.

3.3 Minimum Ones(MIN-ONES)

MIN-ONES is theproblemof finding a modelof a 3-SAT instance
with theminimumnumberof variablesassignedto true.This prob-
lem is not approximablein polynomial time within : �<;>=

for any?A@ 7 , where : is the numberof variables[9]. The decisionver-
sionof MIN-ONES is a specialcaseof DISTANCE-SAT [2], which
consistsin finding the modelof a 3-SAT instancedisagreeingwith
a given partial interpretationon at most � variables.Thesedeci-
sion problemsareharderthanSAT, in that tractablerestrictionsof
SAT (e.g.Horn, Krom) do not give rise to tractablerestrictionsfor
DISTANCE-SAT [2].

Assumingthe fixed clauselength model of random3-SAT, we
foundaclauseto variableratioof 1.8to give thehardestMIN-ONES
instanceson average(this is consistentwith theobservationsin [2]).
Notethatthis ratio is muchlower thanthatassociatedwith thewell-
known phasetransitionin solvability for 3-SAT, meaningthat these
instancesalmostcertainlyhavemany solutions.For ourexperiments,
we thereforegenerated1000probleminstanceswith 100 variables
and180 clauses.To solve themoptimally, we usedan extensionof
theDavis-Putnamalgorithmsimilar to thosein [2], but with thesim-
ple MOMS branchingheuristicin placeof the more sophisticated
onesconsideredthere.

��� wassetto 0. This is anextremeunderestimate,of course,but
with suchalow boundthedecisionproblemis soeasythatlittle time
is lost by it. To obtain ��� , we generatedanarbitrarymodelof the
SAT instanceusing the Davis-Putnamalgorithm.Although finding
suchamodelis NP-hardin theworstcase,thepresentSAT instances
aresosmallandunderconstrained,thatfinding solutionsis trivial in
practice.Thelocal resourcebound � wasinitialisedto theresource
spentin finding ��� andincreasedgeometricallybetweeniterations.
Thesuccessive valuesof thedecisionthreshold� weredetermined
muchasin thecaseof BW.

Figure8 shows theaverageerrorof predictionsmadeby ouralgo-
rithm asa functionof the time for the10%hardestinstances.Solv-
ing themoptimally requiredbetween1.5and10 million backtracks.
Again,noneof themweremisclassifiedby thealgorithmastooeasy
to beworthpredicting.An importantdifferencebetweenMIN-ONES
and the two previous problemsis that the optimal solution size is
harderto predictaccurately. For thatreason,thealgorithmhasto in-
vestmoretime beforetheproportionalerrorgetsreducedto a figure
comparableto thosein theotherexamples.Weexpectthepercentage
of time requiredto achieve an acceptableestimatewould decrease
significantlywith largerproblems.
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4 CONCLUSIONB

We have presenteda methodfor estimatingthe computationalcost
of combinatorialoptimisationproblems,by relatingthehardnessof
optimisationto thatof the correspondingdecisionproblemsandby
observingeasycasesof the latter with the decisionthresholdsome
distanceaway from theoptimal.As theexamplesshow, this method
hasto befine-tunedto suit eachparticularproblemandtheoptimi-
sationanddecisionalgorithmsused.With thatcaveat,however, it is
clear that mostencouragingresultsare attainable.We have shown
that investing5%, or even 1%, of the computationtime in examin-
ing easydecisionproblemscanresultin estimatesaccurateto within
muchlessthananorderof magnitude.Moreover, both theaccuracy
andtheproportionof thetime requiredtendto improve astheprob-
lem sizeincreases.

It mustbe stressedthat the implementationsusedfor the experi-
mentsreportedhereareby no meanshighly engineered.Oneof the
mostinterestingfuturedevelopmentsof ourwork wouldbeto pursue
thesuggestionin section2 above of generatingprobabilitydistribu-
tions both for the estimatedoptimal solutionand for the estimated
computationalcostof proving it optimal. This would decreasethe
importanceof errorsin the former, at the very leastrenderingthe
methodmorerobust.

Naturally, our methodwill not suit all optimisationproblemsand
algorithms.For instance,if thereis little variancein hardnessbe-
tweeninstancesof thesamesize,asis thecasefor maximumsatis-
fiability (MAX-SAT), simplepredictorsmay provide betterresults.
Also, the methodis inappropriatewhereoverconstraineddecisions
arejust ashardasoptimisation.A typical caseis numberpartition-
ing (NPP) with the stateof the art CKK algorithm [10]: when the
decisionthresholdis below theoptimalpartitionsize,CKK doesnot
prunethesearchtreesignificantlymorethanwhenoptimising[5].

Thereis a largeliteraturefrom thelasttenyearsondetectinghard
instancesof intractableproblems.It hasbecomecommonplaceto as-
sociatehardnesswith theboundariesatwhich transitionsoccurfrom
under-constrainedto over-constrainedinstances[8]. It is, however,
equallywell known that thereare large differencesin hardnessbe-
tweeninstances,even wherethe positioningof the instancesrela-
tive to thephasetransitionis thesame.Evenworse,thevarianceof
hardnessis largestin the transitionalregion, wherethe really hard
problemsare.This meansthatwhile phasetransitionsfurnish some
informationaboutthehardnessof instanceson average, they reveal
very little aboutthe hardnessof any particular instance.Moreover,
it hasproved difficult to transferresultsaboutaveragehardnessin
purely randominstancesto setsof instanceswith structuresuchas
might occurin real-world domains.Our method,by contrast,takes
eachspecificprobleminstanceasit stands,largely independentlyof
any otherinstancestheremay be.For that reason,it canaccommo-
datehighly structuredproblemsrelatively easily, as well as being
muchmoreinformative in eachparticularcasethantechniquesbased
onaveragebehaviour.

As hintedin [4] eachinstanceof anoptimisationproblemhasas-
sociatedwith it a seriesof decisionproblemsrangingfrom under- to
over-constrained,with thecritically constrainedoneson thebound-
ary wherethesolutionis optimal.Thuseachsuchprobleminstance
generatesin effect a little phasetransitionof its own, whoseproper-
tieswe aremeasuringby samplingin theregionswherethedecision
problemsbegin to approachtheboundary. It turnsout — we present
ourresultsasevidence— thatfor thepurposesof predictingthepeak
of the hardnesscurve for an instance,a little samplinggoesa long
way.
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