Estimating the Hardnessof Optimisation
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Abstract. Estimatingcomputationatostis a fundamentalssuein
time-boundedcomputationWe presenta methodfor estimatingthe
hardnes®f optimisationproblems(find a minimal costsolutionto
instancel’) by observinghatof thecorrespondinglecisionproblems
(hasI asolutionof costlessthanthresholdr"). ProvidedT is nottoo
closeto theoptimal,decisionis typically mucheasietthanoptimisa-
tion, yet knowing the hardnes®f the formeris usefulfor predicting
thelatter The presenpaperreportsan experimentainvestigationof
this idea, with encouragingesults.An investmentof a few percent
of thework requiredfor optimisationsuficesfor estimatiorwithin a
smallfactor evenusingavery simpleimplementatiorof themethod.

1 INTRODUCTION

Many combinatorialproblemsfoundin schedulingnetwork design,
planningandthelik e have bothanoptimisationform (find aminimal
costsolution)anda correspondinglecisionform (is therea solution
of costlessthanthresholdT’). The closerelationshipbetweernthese
two formsof theproblemds exploredin [4] and[13], with anempha-
sison their respectie computationatostor hardnessAs illustrated
in Figure 1, which we borrav from [13], the hardnes®f decisions
is polynomialin the hardnes®f optimisationandexponentialin the
distanceseparatinghe decisionthresholdl’ from the costof the op-
timal solution. This hasbeenobseredin mary domains,andtends
to hold not only on averageover probleminstancessshavn in the
figure, but alsofor individual instances.

In [13] this relationshipis exploited to obtainan estimateof the
hardnesf decisionsusing an estimateof the hardnesf optimi-
sation.However, the corverseideaof observingdecisionproblems
in orderto estimatethe hardnes®f finding an optimal solutionhas
never beeninvestigatedWe seetwo goodreasonsvhy it oughtto be.
Firstly, it appeardo be more useful,sincea good predictionof the
hardnesof optimisationis a key issuein time-boundedeasoning.
Secondlythe decisionproblemstendto be mucheasierthanthe op-
timisationonesandit makesbettersenseo usethe easyto estimate
thehardthanviceversa

To illustratehow this couldwork, we begin with anexample.Fig-
ure 2, which is somethinglike a slice throughFigure 1, shovs the
hardnessf computingdecisionsfor a single typical problemin-
stancdakenfrom thesameblocksworld domainasusedfor Figurel.
The z axisis the decisionthresholdT’ andthe y axis the hardness
of decidingwhetherthereis a plan shorterthanT. The measureof
hardnesss the numberof branchesxploredby the domain-specific
solver describedin [13]. For eachthreshold,the solver was rerun
8 timeswith randomtie-breaking,resultingin the obsered spread
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Figurel. Averagehardnes®f decisionplottedagainstdifferencebetween
thresholdT" and optimal solution cost, and hardnesof optimisation.6000
instance®f ablocksworld planningdomainwereusedto producethefigure.
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Figure2. Hardnes®fdecisiongor asingleblocksworld planninginstance,
plottedagainsthe decisionthreshold(requiredplanlength).

of datapoints.The verticalline indicatesthe optimal (shortest)plan
length, which happengo be 172 movesin this case.To the left of
the vertical line, the decisionsare negative and becomeexponen-
tially harderto derive asthe thresholdapproacheshe optimal. To
theright, thesearchproduces planandagainthehardnesincreases
exponentiallywith closenesso the optimum.The varianceis much
greateron the right thanon the left, for muchthe samereasorthat
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Figure 3. A basisfor estimation?Data points from Figure 2 obtainable
within alimit of 3000backtrackgersearch.
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Figure 4. Anotherexample:hardnes®f decisionsfor a singleinstanceof
minimumones.Theblack pointsarethoseavailablecheaply

randomrestartis effective on underconstrainegroblemsbut not on
overconstrainednesthereis randomness hov muchof thesearch
treewill be traversedbeforethe first solutionis found. As notedin
[4], thehardnessf optimisation—i.e of computinganoptimalsolu-
tion andproving it optimal—isapproximatelythatof solvingthetwo
decisionproblemswith thresholdat eitherside of the optimal (here
with T = 171 andT = 172).

Briefly, our approachs to estimatehepositionof the peakin Fig-
ure2 by observinghedatapointsin thelow partof thecurve. Figure
3 shawvs thosedatapointsfrom Figure2 obtainablevery cheaply—in
threeordersof magnituddesstime thanis requiredfor optimisation.
A naturalideais to estimatehecurve of hardnes$or thenegative de-
cisionsandthatfor the positive decisionsgextrapolatebothhardness
cunesandnotethe pointwherethey cross.Thex coordinateof this
pointgivesanestimateof theoptimumsolutionandthey coordinate
anestimateof the hardnes®f computingit. Indeed.,it is nothardto
arrive at a hardnesgurve on the negative side:the linearregression
fitted to the logs of the negative obserationsis a goodstart.Onthe
positive side,however, cune fitting is so unreliableasto be almost
uselesdbecausef the extremely large variance.Instead therefore,
we usea functionlearnedrom previous experiencewith thedomain
(blocksworld in this example)to estimatethe amountby which the
bestobsenred solution(175in this case)exceedsthe optimum.The
hardnessurwve extrapolatedto the point whereT' reacheghe esti-
matedoptimumvaluegivesareasonablyoodestimateof theheight
of thepeak.More exactly, asalreadynoted the hardnessf optimisa-
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1. Findanunderestimaté& B andanoverestimatd/B of the
optimal solutioncost.

2. While globalresourcesemaindo
(a) Choosesomethresholdr” in therangeLB ...UB.
(b) SetalocalresourcéboundB.

(c) Attemptto solve thedecisionproblemwith thresholdl’
within boundB andrecordthehardnes# successful.

(d) Extrapolateacurve N(z) from theaccumulatediataon
negative decisions.

(e) Estimatethe solutioncosto of the optimal solutionon
the basisof theaccumulatediataon positive decisions.

(f) Estimatehehardnessf optimisationonthebasisof the
predictedoeakN (o —1).

Figure5. Theestimatioralgorithm

tion is closeto thesumof the hardnessf decisiondor T = optimal
andT = optimal — 1.

To demonstratehat this ideais by no meansconfinedto blocks
world or even to planning, Figure 4 shawvs anotherexampletaken
from minimumones,alogic domain.

2 THE METHOD

Theabore examplesaresuggestie, but examplesdo not make anal-
gorithm.In fact,we shallnot presenta specificalgorithm,but rather
amethodor algorithmschemewhich mustbeinstantiatedo thecase
of eachparticularproblemdomainto which it is applied.We shall
subsequentlgxaminethe performanceof threeinstantiationsof the
generalmethod,designedor differentdomains:blocksworld plan-
ning (BW), the travelling salesmarproblem (TSP) and minimum
ones(MIN-ONES).

Overall, the genericalgorithm, outlined in Figure 5, is an ary-
time procedurewhich runsuntil a globalresourceéboundis reached.
This could be a fixed time limit, or simply the users patience but
in practicewe find it mostusefulto imposeboth a staticlimit and
alsoa cutoff whenthetime alreadyspentin estimatiorexceedssome
proportionof the estimatechardnes®f optimisation.This actsasa
roughclassifierof whetherthe instanceis too easyto be worth (fur-
ther)estimation.

Severalcommentsarein orderbeforewe proceedo examinein-
stancesf the method.Firstly, thereare optimisationproblemsfor
which step1 is intractable® For example,in generalpropositional
STRIPSplanning,even decidingwhetheran upperboundexists is
PSRACE-hard.For suchproblems,of course,our methoddoesnot
alwayswork. However, in awide rangeof casesthereexist compu-
tationallyinexpensve proceduresvhichdeliver suboptimakolutions
suitablefor settingU B. As for LB, evenin theworstcaseit is al-
ways possibleto choose0 as a value. Hencethe requirementthat
stepl be performedquickly doesnotimposea seriouslimitation in
practice.

Secondlythe templatedoesnot specifyhow the thresholdT” and
the local resourceébound B areto be selected Naturally, the selec-
tion shouldbe designedo yield new information,thoughthis does
not precludechoosingthe samethresholdseveral timeswhich may

3 It mayeven beimpossiblejn undecidableasesasfor examplewherethe
optimisationproblemis to find the shortesresolutionproof of anarbitrary
setof first-orderclauses.
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prove valuableif thesearchmethodusesrandomtie-breakingln the
experimentsreportedbelay, we did not reasondeeplyaboutthese
settings,but evidently muchmorereasonings possible.For exam-
ple, backgroundknowledgefrom previous experimentscanbe used
to maximisethe expectedutility of thesechoicesin the mannerof
[71.

Thirdly, the calculationof the curve of expectedhardnes®f neg-
ative decisionsandthe useof the given information aboutpositive
decisiongo arrive atanestimateof theoptimumcanbemoreor less
sophisticatedA reasonablelefault for the formeris to usea linear
least-squarefit to logarithmsof the obsered values thoughclearly
it makessenseo give highervaluesmoreweightthanlower onesfor
this purpose Again, experiencewith a given domainmay be used
to learn someadjustmentof the linear projection. As for estimat-
ing the optimum, in this paperwe are not concernedo investigate
thatissueintensiely; in our experimentswe simply learnthe (aver-
age)amountby which the bestknown positive solutionis expected
to exceedthe optimal. Thatis not to dery the importanceof more
refinedtechniquesstartingwith learninga probability distribution
for the expectedoptimum ratherthan just an averagevalue. How-
ever, we presenburexperimentalesultsascompellingevidencethat
evencrudetechniguesregoodenoughto yield excellentpredictions
acrossarangeof domains.

3 EXPERIMENTS

In orderto investigatethe effectivenessof our approachwe con-
ductedexperimentson randomlygeneratednstancef threeprob-
lems: BW, TSP and MIN-ONES. The decisionproblemsfor these
shav a marked easy-hard-easpatternasin Figure 2, resultingin
rathergoodpredictionsespeciallyfor hardinstances.

In our experimentswe wishto compareheestimatecardnessf
optimisationwith the actualhardnessWe thereforegeneratedan-
dominstance®f suficient sizefor someof themto be difficult, but
small enoughfor optimal solutionsto be obtainedfor the compari-
son.

As a performancemeasurewe reportthe proportional error of
theestimateasafunctionof thetime atwhichthe estimatioris inter-
rupted.For the purposeof comparingactualandpredictechardness,
proportionalerror is definedasthe ratio of the larger of thesetwo
figuresto the smaller andtime is definedasthe numberof branches
the estimatorhasexplored,asa percentag®f the numberexplored
by the optimal solver.

We give resultsfor the hardestL0% of probleminstancesamong
thosegeneratedsincein practicethesearethe oneswhosehardness
is worth predicting.Becauseour estimatorabortsan instancewhen
it decidesthatit hasspenttoo muchtime on it in proportionto the
costof optimisation,seriouslyincorrectestimatesare possibleif a
hard instancegets misclassifiedastrivial in the first few iterations
of the estimationloop, dueto unexpectedlylow valuesfor UB and
consequeninitial underestimationof the optimal solutioncost.We
additionallyreportthe numberof instancesomisclassified.

3.1 BlocksWorld (BW)

For theseexperimentswe considerthe most basicversionof BW
planningin which both the initial stateandthe goal stateare com-
pletely specifiedand in which the table hasinfinite capacity The
solutioncostis the numberof steps(move block z from y to z) in
the plan. Optimal BW planningis NP-hard[6] thoughapproxima-
tion within a factorof 2 is possiblein lineartime [12] andthe aver-
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Figure 6. Averageproportionalerror of estimateson hard BW instances
with 125blocks,plottedagainstime investedin estimation.

agecaseperformancef theapproximatioralgorithmsis muchbetter
thantheir worstcase.

Our sampleconsistedof 1000 BW probleminstanceswith 125
blocks,randomlygeneratedvith uniform distribution [12]. To solve
themoptimally, we usedthe iterative deepeningalgorithm outlined
in [13]. For easynegative caseof the decisionproblem,we useda
similar iterative deepeningsearchwith the decisionthresholdas a
hardboundon the depthof the searcttree.For positive caseshow-
ever, this methodis inappropriateasit would amountto solvingthe
(hard)optimisationproblemasa steptowardsreachinghe easypos-
itive decisions.On the positive side,therefore we ran a depth-first
searchwith the specificdecisionthresholdasits depthbound,with-
outiterative deepening.

The upperboundU B of thewindow (LB ... U B) wasobtained
usingthelineartime approximatioralgorithmGN2[12], whichover-
estimategshe plan lengthsby lessthan 10% on average.For LB
we usedthe numberof misplacedblocks plus the numberof sin-
gletondeadlockgsee[12] for definitions)which givesa fairly tight
lower boundfor problemsof the sizeconsideredcandis computable
in quadratidime.

Thelocal resourcebound B wassetinitially to alow figure (100
branchespndincreasedy 200 after eachpair of iterations.T” was
chosenalternatelyto be one greaterthan the highestthresholdso
far giving a negative decision,andonelessthanthe lowestgiving a
positive one.Theiterative deepeningnethodusedfor negative deci-
sionsrepeatghosefor thresholdg LB, ..., T — 1) onthewayto T';
becausé usesrandomtie-breakingjt yieldsnev measuresf hard-
nesdor thresholddessthanT’, providing usefulextradatapoints,as
alreadyillustratedin Figure2.

Figure6 shaws the averageerrorof predictionsmadeby our arny-
time algorithm as a function of the time for the 10% hardestin-
stancesAll of theseinstancegequiredthe optimal solver to back-
track over a million times. It is clear that the averageprediction
very quickly settlesdown to be within afactorof about2 of the ac-
tual hardnessThis occurswhenthe backtracksusedfor prediction
amountto somel% of thoseneededor optimisation.On easiefin-
stancesthetime requiredfor thepredictionto convergeonafigureis
lessabsolutelybut proportionallymoreof the optimalsolutiontime,
andthe predictionis similarly betterin absolutetermsbut propor
tionally lessgood.

Noneof the 10%hardesinstancesveremisclassifiedy thealgo-
rithm. Of 418 instancesequiringover 100,000backtrackspnly 16
weremis-classified.
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Figure 7. Averageproportionalerror of estimateson hardgeometricTSP
instancesvith 20 cities, plottedagainstime investedin estimation.

3.2 Travelling SalesmanProblem (TSP)

The problemhereis to find a minimal-costHamiltoniancircuit in

a completeundirectedgraphwith edgeweights.In the versionof

the problemconsideredn this paper the pointsarechoserto lie on

a planeandthe edgeweightsaretaken to be the distancesetween
themin EuclidearspaceThereis alargeliteratureonthisandclosely
relatedproblemsfrom boththe Al andOR communities

As in the caseof BW, the optimisationproblemis NP-hard.With
arbitrary edgeweights, TSP is not approximablewithin a constant
in polynomialtime, thoughwith the additionof thetriangleinequal-
ity it is approximablewithin afactorof 3/2 andwith Euclideandis-
tancesasthe weights,aswe usehere,it admitsa polynomialtime
approximationrschemg1]. Interestingly the minimal solutioncosts
for randomlyselected SPinstance®nasquareclustervery strongly
aroundaknown meanasthenumberof citiesbecomedsarge[3]. This
meanghatfor large numbersof cities,thelengthof the optimaltour
is highly predictablethoughthe hardnes®f optimisationis not.

We generated 000probleminstancegonsistingof 20 pointsran-
domly placedon a square We give resultsfor uniform distribution,
thoughwe also tried somedegree of clusteringof the points and
found that the techniquestill works, albeit with somedegradation
in the quality of the estimation.As a solver we useda branchand
boundalgorithm with the well-known “regret” heuristic. The first
solutionfound,ontheleftmostbranchof thesearchree,wastreated
bothasU B andastheestimatedbptimum? soall of thesubsequent
work wentinto gatheringnformationconcerningnegative decisions.
For LB wetookU B/10, whichis alow underestimatandis always
greatlyimprovedonwithin afew iterationsof thearytime algorithm.

As in the caseof BW, we increasedhe local resourcebound B
arithmeticallybetweeriterations We usedthe predictedhardnessf
decisionsto selectasthe next decisionthresholdthe highestvalue
likely to yield a negative decisionwithin thelimit B. This selection
was madeusing a leastsquaredit on the highest50% of solution
costsfor which hardnesslatawereavailable.

Figure7 shavs theaverageerrorof predictionanadeby our algo-
rithm asa function of thetime for the 10% hardesinstancesThese
requiredatleast400,000nodeexpansiondor their optimal solution.
None of themwere misclassifiecby the algorithmastoo easyto be
worth predicting.

4 See[11] for anoverview of thefield.

5 This simplifying assumptiormay appearratherdrastic,but asa matterof
fact, with only 20 cities, it givestolerablyaccurataesultsandis therefore
legitimatein this context.
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Figure 8. Averageproportionalerror of estimateon hardMIN-ONES in-
stancesvith 100variables plottedagainsttime investedn estimation.

3.3 Minimum Ones(MIN-ONES)

MIN-ONES is the problemof finding a modelof a 3-SAT instance
with the minimum numberof variablesassignedo true. This prob-
lem is not approximablein polynomial time within n!~¢ for ary
e > 0, wheren is the numberof variables[9]. The decisionver-
sionof MIN-ONES is a specialcaseof DISTANCE-SAT [2], which
consistsin finding the modelof a 3-SAT instancedisagreeingvith
a given partial interpretationon at mostT" variables.Thesedeci-
sion problemsare harderthan SAT, in that tractablerestrictionsof
SAT (e.g.Horn, Krom) do not give rise to tractablerestrictionsfor
DISTANCE-SAT [2].

Assumingthe fixed clauselength model of random3-SAT, we
foundaclauseto variableratio of 1.8to give thehardestMIN-ONES
instance®n average(this is consistentvith the obserationsin [2]).
Notethatthis ratiois muchlower thanthatassociateavith the well-
known phasetransitionin sohability for 3-SAT, meaningthatthese
instanceslmostcertainlyhave mary solutions For our experiments,
we thereforegeneratedl.000 probleminstanceswvith 100 variables
and 180 clausesTo solve themoptimally, we usedan extensionof
the Davis-Putnamealgorithmsimilar to thosein [2], but with thesim-
ple MOMS branchingheuristicin placeof the more sophisticated
onesconsideredhere.

LB wassetto 0. Thisis anextremeunderestimatepf course put
with suchalow boundthedecisionproblemis soeasythatlittle time
is lost by it. To obtainU B, we generatedin arbitrary modelof the
SAT instanceusing the Davis-Putnamalgorithm. Although finding
suchamodelis NP-hardin theworstcasethepresenSAT instances
aresosmallandunderconstrainedhatfinding solutionsis trivial in
practice.Thelocal resourcebound B wasinitialisedto the resource
spentin finding U B andincreasedjeometricallybetweeriterations.
The successie valuesof the decisionthresholdT” weredetermined
muchasin the caseof BW.

Figure8 shavs theaverageerrorof predictionamadeby our algo-
rithm asa function of the time for the 10% hardesinstancesSolv-
ing themoptimally requiredbetweenl.5and 10 million backtracks.
Again, noneof themweremisclassifiedby the algorithmastoo easy
to beworth predicting.An importantdifferencebetweerMIN-ONES
andthe two previous problemsis that the optimal solution size is
harderto predictaccuratelyFor thatreasonthe algorithmhasto in-
vestmoretime beforethe proportionalerrorgetsreducedo afigure
comparableo thosein theotherexamples We expectthepercentage
of time requiredto achieve an acceptableestimatewould decrease
significantlywith largerproblems.

S.Thiébaux,J. Slaneyand P. Kilby



4 CONCLUSION

We have presentech methodfor estimatingthe computationakost
of combinatorialoptimisationproblems by relatingthe hardnes®f
optimisationto that of the correspondinglecisionproblemsand by
observingeasycaseof the latter with the decisionthresholdsome
distanceaway from the optimal. As the examplesshaw, this method
hasto befine-tunedto suit eachparticularproblemandthe optimi-
sationanddecisionalgorithmsused.With thatcaveat,however, it is
clearthat mostencouragingesultsare attainable We have shavn
thatinvesting5%, or even 1%, of the computationtime in examin-
ing easydecisionproblemscanresultin estimatesccurateo within
muchlessthanan orderof magnitude Moreover, boththe accurag
andthe proportionof the time requiredtendto improve asthe prob-
lem sizeincreases.

It mustbe stressedhat the implementationaisedfor the experi-
mentsreportedhereareby no meanshighly engineeredOne of the
mostinterestinguturedevelopmentof ourwork would beto pursue
the suggestiorin section2 above of generatingorobability distribu-
tions both for the estimatedoptimal solutionandfor the estimated
computationakostof proving it optimal. This would decreasghe
importanceof errorsin the former, at the very leastrenderingthe
methodmorerobust.

Naturally our methodwill not suitall optimisationproblemsand
algorithms.For instance,if thereis little variancein hardnesse-
tweeninstance®f the samesize,asis the casefor maximumsatis-
fiability (MAX-SAT), simple predictorsmay provide betterresults.
Also, the methodis inappropriatewhere overconstrainediecisions
arejust ashardasoptimisation.A typical caseis numberpartition-
ing (NPP)with the stateof the art CKK algorithm[10]: whenthe
decisionthresholds belav the optimal partitionsize, CKK doesnot
prunethe searchreesignificantlymorethanwhenoptimising[5].

Thereis alargeliteraturefrom thelasttenyearson detectinghard
instance®f intractableproblemslt hasbecomecommonplacéo as-
sociatehardnessvith theboundariestwhich transitionsoccurfrom
underconstrainedo over-constrainednstanced8]. It is, however,
equallywell known thatthereare large differencesn hardnesde-
tweeninstancesgven wherethe positioning of the instancesela-
tive to the phasetransitionis the same.Evenworse,the varianceof
hardnesss largestin the transitionalregion, wherethe really hard
problemsare. This meanghatwhile phasetransitionsfurnish some
informationaboutthe hardnes®f instanceon average, they reveal
very little aboutthe hardnes®f ary particular instance Moreover,
it hasproved difficult to transferresultsaboutaveragehardnessn
purely randominstancedo setsof instanceswith structuresuchas
might occurin real-world domains.Our method,by contrast takes
eachspecificprobleminstanceasit standsjargely independentiyof
ary otherinstancegheremay be. For thatreasonjt canaccommo-
date highly structuredproblemsrelatively easily aswell as being
muchmoreinformative in eachparticularcasethantechniquedased
onaveragebehaiour.

As hintedin [4] eachinstanceof anoptimisationproblemhasas-
sociatedwith it a seriesof decisionproblemsrangingfrom under to
over-constrainedwith the critically constrainedneson the bound-
ary wherethe solutionis optimal. Thuseachsuchprobleminstance
generatein effectalittle phaseransitionof its own, whoseproper
tieswe aremeasurindy samplingin the regionswherethe decision
problemsbegin to approachtheboundary|t turnsout— we present
ourresultsasevidence— thatfor thepurpose®f predictingthepeak
of the hardnesune for aninstancea little samplinggoesa long
way.
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