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Abstract. We presenta highly expressve logical languagefor
describingqualitative configurationsof spatial regions, basedon
Tarski's Geometryof Solids in which the parthoodrelationandthe
conceptof sphee aretaken as primitive. We give a cateyorical ax-
iom systemwhosemodelscanbeinterpretedclassicallyin termsof
CartesiarspacesverR. We shav thatwithin thissystentheconcept
of sphereandthe congruenceelationareinterdefinableWe investi-
gatethe 2nd-ordercharacteof the theoryandprove incompleteness
of somewealer 1st-ordewariants.

1 INTRODUCTION

Mary researcheri thefield of Qualitatve SpatialReasoningQSR)
have amuedthatit is usefulto have representations which spatial
regions are the basicentities [7, 5]. This ontology contrastswith
theapproactof classicageometrywherelines,surfacesandregions
aretypically thoughtof assetsof points. To meetthis needseveral
region-basedheorieshave beenproposed[16, 1]. However, these
theorieshave beenlimited to describingopologicalpropertiessothe
expressie poveris muchmorerestrictedhanpoint-basedgjeometry

By addinga sphee primitive to Lesneiwskis Mereolagy, Tarski
[19] shavedhow to give a catgyoricalaxiomatisatiorof thegeometry
of regionswhosemodelsareisomorphicto the structureof regular
opensetsof pointsin Euclidearpoint-basedjeometryHe calledthis
theorythe Geometryof Solids® UnfortunatelyTarski’s theoryis not
fully formalised:its postulatesare statedin Englishandin several
casearemeta-leel conditionsratherthanaxioms.Thecurrentpaper
employs Tarski'sideasto provide afully formal system.

Onepaperwhich doesproposea region basedheorywith thefull
expressve power of geometryis [18], which attemptso reconstruct
Tarski's theory within a 1st-orderlanguagewith the primitives of
congruenc@ndstrongconnectionOurapproactis similarto thisbut
ourtheoryhassomesignificantadvantagesFirstly, (asin [6]) we as-
sumeonly parthood P(z, ), anda morphologicabrimitive (which
may be eitherthe spherepredicateS(z) or the congruenceelation
CG(z,y)), whereag18] employ anadditionaltopologicalprimitive
(‘simple region’). Topologicalconceptsreneverthelesslefinablein
our system.Secondlywe prove categoricity by a muchmoredirect
encodingof Tarski's geometryaxiomsinto our language.

There hasrecentlybeensomecriticism of the region-basedap-
proachto spatialreasoningFor instance[15] amuethatthereis no
adwantagein reasoningwith regionsasopposedo setsof pointsbe-
causepnceacertainminimallevel of expressie capabilityis passed,
the region-basedheoriesare just as complex as comparablepoint-
basedheoriesWhile we accepthis, we believe thatfor carryingout
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reasoningelevant to specificproblemsinvolving configurationsof

spatialregionsthereare significantadwantagesn usinga represen-
tation which is closeto the obvious region-basedlescriptionof the

problem,ratherthan re-describingthe situationin termsof points.

In factthe high compleity of reasoningin ary expressie spatial
languagemalesit all the moreimportantthatoneshouldbe ableto

specifyproblemsassimply aspossible.

The primary purposeof our formalismis to provide a secureon-
tologicalfoundation(asadwocatece.g.in [13]) for theoriesof spatial
information; but we also believe that it can sene as a framework
within which more computationallyoriented representationge.g.
that of [17]) canbe embeddedSinceour theory hasa categorical
interpretatiorin termsof CartesiarfieldsoverR it is readilycompat-
ible with moretraditionalrepresentationthat employ this classical
modelof space.

2 MEREOLOGY

We begin by presentinga formal theory of the parthoodrelation,
P(z,y). As abasisfor theaxiomatisatiorwe take theclassicaMere-
ology of LeSneiwski[14] (seealso[19, 21]):
D1) PP(z,y) =wt (P(z,y) A -(z =1y))
D2) DR(z,y) =4 —32[P(2,2) A P(2,y)]
D3) SUM(a, ) =wer Vyly € a = P(y,z)] A

—-3z[P(z,z) A Vy[y € a — DR(y, 2)]]

In D3, « is a 2nd-ordervariable,which candenoteary subsebf
the domainof regions.z € « is of coursetrue just in casethe de-
notationof z is a memberof the setdenotedby «; but our object
languagedoesnotincludeary otherset-theoreti@pparatu$.

In additionto theusualprinciplesof classicalogic andthetheory
of sets,the systemis requiredto satisfy the following specifically
mereologicapostulates:

Al) VzVyVz[P(z,y) A P(y, z) — P(z, 2)]
A2) VYa[3z[z € o] — Fz[SUM(a, z)]]

Theseensurdirstly thatthe partrelationis transitve andsecondly
(andslightly controversially) thatfor ary non-emptysetof individu-
alsthereis a uniqueindividual which is the sumof thatset.

For corveniencewe alsodefine:

D4) O(z,y) =wr ~DR(z,y)
D5) PO(z,y) =wr O(z,y) A =P(z,y) A -P(y, )

3 REGION-BASED GEOMETRY

We now develop a theory which we call Region-BasedGeometry
inspiredby Tarski's Geometryof Solids[19]. WhereasTarski's pre-

4 In facttheform z € a couldbewrittenasa(z), in thestyleof a2nd-order
languagewithout settheory



sentations notformalised(andin somerespectsomeavhatunclear)
we shallgive afully formal axiomatisation.

Following Tarski we build on LeSneiwskis meeolagy by intro-
ducinga new primitive sphee predicate which we write S(z). In
termsof P andS a seriesof geometricakelationshipsandconcepts
aredefinedanda setof postulatess given.Hereandin therestof the
paperwe shalloftenwantto quantify over just the sphericalregions
in thedomain.For conveniencewe introducethe notations

o Vor[d] =wt V[S(z) — ¢
o 3°2[¢] =uwr [S(x) A @)

Asin [19] we definetherelationsof externaltangency(ET), inter-
nal tangency(IT), external diametricity (ED), internal diametricity
(ID) andconcentricity(z@y). SeeFig. 1 for 2D illustrations.

D6) ET(a,b) = (S(a) A S(b) A DR(a,b)
AV°zy[(P(a,z) A P(a,y) A DR(b, z) A DR(b,y))
— (P(z,y) vV P(y, 2))))
D7) IT(a,b) = (S(a) A S(b) A PP(a,b) A
Vezy[(P(a, z) A P(a,y) A P(z,b) A P(y,b)) =

(P(z,y) V P(y, ))))

D8) ED(a,b,c) =g (S(a) A S(b) A S(c)
A ET(a,c) A ET(b,c) A Vxy[(DR(z,c) A DR(y,c) A
P(a,z) A P(b,y)) = DR(z, y)])

D9) ID(a,b,c) =qet (S(a) A S(b) A S(c)
AlT(a,c) ANIT(b,c) AV°zy[(DR(z,c) A DR(y,c)
A ET(a,z) A ET(b,y)) = DR(z, y)])

D10) a®b =g (S(a) ASD) A ((a=1)
V (PP(a,b) AV°zy[(ED(z,y,a) AIT(z,b) AIT(y,b))
— ID(z, ,b)])
V (PP(b,a) A V°zy[(ED(z, y,b) A IT(z,a) AT(y,a))
— ID(z, y,a)])))

We now definesomefundamentatelationsinvolving spheres:

D11) B(z,y,2) Sawt x =yVy=2V
Jvw[ED(x, y,v) A ED(v, w,y) A ED(y, 2, w)]
D12) COB(s,r) =4 S(s) AVs'[s'@s — (O(s’,7) A =P(s',7))]
D13) EQD(z,y,2) =qt 3°2'[' @2 A COB(y, ')/\CB( z,2')]
D14) Mid(z,y,2) =t B(z,y,2) A
3°y'[y' @y A COB(z,3y’) A COB(2,9')]
D15) EQD(U}, z,y, Z) =qef
F°uv[Mid(w, u, y) A Mid(z, u, v) A EQD(v, 2, y)]
D16) Nearer(w,,y,2z) =ae
32 [B(w, z,2') A =(z@z') A EQD(w, ', y, 2)]

B(z,y, z) holdswhenthe centreof y is betweerthe centresof
andz (or coincideswith oneof these) COB(s, r) meanghatsphere
s is CentredOn the Boundaryof r. EQD(z, y, 2) saysthatthe cen-
tresof x andy areequidistanfrom the centreof z. Mid(z, y, z) says
thatthe centreof y lies mid-way betweerthe centresof « andz; and
EQD(w, z,y, 2) holdswhenthe distancebetweerthe centresof w
and z is the sameasthe distancebetweenthe centresof y and z.
Nearer(w, z, y, 2) meanghatthecentresof w andz arecloserthan
thecentresof y andz.

Sincethe conceptsB and EQD are definable,we canwrite the
axiomsof n-dimensionalElementaryGeometry{20, 2] within our
languaggthevalueof n is fixed by appropriatechoiceof upperand
lower dimensionaxioms).[19] takesthis approacho prove that his
geometryof solidsis cateyorical andis modelledby n-dimensional
Euclidanspacein which spheresare interpretedas openballs and
‘solids’ areregular opensets.We take a similar approachhowever,
whereasTarski introducedpoints as setsof spherespur relations
concernspheresut they hold justin casethe centrepoints of the
spheressatisfy the correspondingpoint relations.Thus the quanti-
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ET(a,b) IT(a,b) ED(a,b,c) ID(a b,c) CONC(a,b)

Figurel. Relationsamongsphereslefinedby Tarski[19].

fiersof the point-basedjeometryaxiomscanbe replacediy quanti-
fiersover spheresandtheequalityrelationreplacedy the@relation.
Hence|n additionto A1 andA2 of Mereology ourtheorycontains:

A3) A completeaxiom setfor n-dimensionalgeometry(e.g.[20])
encodedn termsof the B, EQD and® relations.

Ad) YVozyz[(z@y Ay®z) = £@2]
A5) Vozz'yzw[(EQD(z,y, z,w) A z'®@z) = EQD(z', y, 2, w)]

Axioms A4 andA5 ensurghate behaeslik e equalityrelative to the
geometricabxioms®

To getacategyoricalaxiomatisatiorwe haveto ensurehattheclass
of regular opensetsof centrepoints of spherescoincideswith the
classof regionsandthatthe P relationcorrespondso theinclusion
relationamongthe centrepoints.Ratherthanstatingtheseasa meta-
level constraintgasTarskidoes\we enforcethemdirectly by axioms.
First, we definerelationsthathold whenthe centrepoint of a sphere
is within theinterior of aregion:
D17) Inl(s,r) =uw 3s'[s'@s AP(s',7)]

We cannow specifytheaxioms:
AB) Vzy[-(z@y) —

I°s[s@z A V°z[Inl(z, s) «> Nearer(z, z, z,y)]]

A7) V°z3°y[~(z@y) AV°2[Inl(z, z) <> Nearer(z, z, z,y)]]
A8) Vay[P(z,y) <> V°s[Inl(s,z) — Inl(s, y)]]
A9) Vra®s[P(s,r)]

A6 ensureghat for every pair of distinct pointsz andy thereis
a spherecentredat one and boundedby the other A7 saysthatall
sphereganbe constructedn thisway. A8 meanghatP(z, y) holds
justin caseeveryinterior pointof z is aninterior pointof y (thisactu-
ally makesAl redundant)A9 statedhateveryregion hasaspherical
part(from thisit canbe proofedthatevery regionis equalto thesum
of its sphericalparts).The theoryspecifiedby the axiomsA1-9 we
callRBG" (Region-Basedseometry).

Letann-dimensionatlassicalinterpretationfor RBG™ beafunc-
tion &, whichassignsanon-emptyegular opensubsebf R to each
1st-ordewariableof RBG™ andasetof non-emptyregularopensub-
setsof R to eachof its 2nd-ordevariablesUndera classicainter-
pretationP(z, y) holdsjustin caseS, (z) C Sn(y); S(z) holdsjust
in cases, () is anopenn-ball.

Theorem1 AxiomsRBG"™ provide a categgorical axiomsystenfor
n-dimensionaregion-basedgeometry sud that every modelis iso-
morphicto a classicalinterpretation g™

Proof: [20] provesthatall modelsof the axiomsspecifiedby A3-
A5 have the structureof n-dimensionalCartesianspacesover R.
This guaranteeshat there are spherescentredat all and only the
pointsof R™. A6 and A7 ensurethatthereis a spherecorrespond-
ing to every openn-ball in the space suchthatIni(s, s') holdsjust
in casethe centrepoint of s is in the ball correspondingo s’. A8
fixes the interpretationof P(z,y) to coincide with the condition
{s|Inl(s,z)} C {s|Inl(s,y)}. Theinterpretationof S is now com-
pletely fixed relative to R™ andInl andP also have thereintended
interpretationsover the domainof spheresWe naw fix theinterpre-
tation of theregions.

5 Reflexivity andsymmetryareimplicit in the definition of @.
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FromA9 andD3 it is easyto shav thatevery regionis the sumof
its sphericalparts (T1: Vz[SUM({y | P(y,z) A S(y)}, z)]). This,
with A2, ensureghatthe setof regionscoincideswith the SUMs of
arbitrarysetsof spheresLet the setof ‘interior-points’ of aregion r
bethesetof centrepointsof all spheres suchthatinli(s,r). Clearly,
determiningthis setfor all regionscompletelydeterminesheP rela-
tion. We now shaw thatfor any setof spheres: suchthatSUM(q, s),
the set S of interior pointsof s coincideswith the smallestregular
opensetR containingall interior pointsof all spheresn «.

First note that from Al, A2, D10 and D17 one can prove T2:
Vesvr(inl(s,r) ¢» 3°5'[P(s',7) A Inl(s, s')]]; whichmeanghatthe
interior pointsof aregion arejustthoseinteriorto its sphericabparts.
Consequentlythe interior points of ary region form an openset.
Since S mustbe openand R is regular open,thenif S werelarger
than R it would containsomespheredisjointfrom R andhencedis-
joint from all spheresn a andhencedisjoint from s. ThusS C R.
Since R is openwe canexactly cover all its points by the interior
points of a setof spheresp. By A2 theremustbe a region » such
that SUM(p, r). Theregularity of R thenmeansthatinterior points
of r areexactly thosein R. Now supposes ; R, thenusingA8 and
the mereologicabxiomsonecanshav that3z[P(z,r) A DJ(z, s)]
andthence(using9) 3°z[P(z,r) A =DJ(z, s)]. Butif r includesa
spherewhich is disjoint from s then,contraryto our suppositionR
cannotbe the smallestregular opensetincluding all spheresn a.
Thereforewe musthave S = R. l

Becaus®ef the2nd-ordematureof thetheorywe cannotgetatruly
completeaxiom system However, the catgoricity resultmeanshe
theorywould becompletef we hadanoraclefor 2nd-ordefogic, so
themeaningof all non-logicalvocahulary is completelyfixed.

Theorem2 RBG" is undecidabldor n > 2.

Proof: For n = 2 this follows from the resultsof [12] andalso of

[9]. Undecidabilityfor higher dimensionscan be demonstratedy

defininga'slice’ of n-spacethatis infinitely extendedn two dimen-
sionsbut of a fixed finite thicknessin the others.Two dimensional
regionscanbe simulatedby partsof the slice suchthattheir bound-
arieswithin the sliceareorthogonalo thefacesof theslice® H

4 PRIMITIVES AND DEFINABILITY

It is worth noting that all the conceptsusedin our axiomatisation
weredefinedjustfrom the primitivesP andS. NeverthelessRBG is
anextremelyexpressie formalism.All of elementarypoint geome-
try canbe describedby meansof the B andEQD predicatesindthe
V° and3° quantifiers Additionally we candefinea furtherveryrich
classof predicatesvhich applyto regionsin general We candefine
a connectiorrelation(which behaessimilarly to the C primitive of
[16]) by notingthatfor every point of contact(or overlap)between
two regions,ary spherecentredon thatpoint overlapsbothregions.
We canalsodefinethe strongconnectiorrelationof [18] andthecan
connectprimitive of [8]:
D18) C(z,y) = I°2V2' [’ @2 = (O(2',z) A O(Z, y))]
D19) SC(z,y) =t 3°2[0(2z,2) A O(2z,y) A P(z,z + y)]
D20) CC(z,y,2) =w I2'[CC(z',z) A C(z',y) A C(2', 2)]

We can also define the powerful congruencerelation emplojed

by [18] and [6]. Two regions are congruentif one can be trans-
formedinto the otherby meansof rotation, translationand (option-

6 RBG! mayalsobeundecidablesofarwe have noresulton this.
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ally) mirror reflectionoperations. Congruencef spheresanbede-
finedby:
D21) SCG(z,y) =awr S(z) A S(y) A Is182[51@82 A
ET(x,s1) AET(y,s1) ANT(x,s2) AT (y, 52)]
andof two pairsof spheredy:
D22) SCG(z,y,z',y") =4wr SCG(z,z') A SCG(y,y') A
((ET(z,y) AET(a',y)) V
322'[SCG(z, 2') A ED(z,y,2) AED(z',y',2")] V
322/ [SCG(z, 2" )AIT(2, z) AT (2, y) AIT(Z', 2" Y AIT(Z', y')])
We can then definea generalcongruencerelation, CG(z, y), be-
tweenarbitraryregionsby employing the constructiongivenin [18]
usingso-called scalenesumsof spheres’.

FROM MEREOLOGY+CONGBENCETO SPHERES

A significantresult of our investigationsis that within RBG the

spherepredicates is definablein termsof P andCG. Our approach
is first to definetherelationCGOB(z, y, z), which meanshatare-

gion ConGruento z OverlapsBoth of theregionsy andz:

D23) CGOB(z,y,2) = 3z’ [CG(z,z') A O(z',y) A O(z', 2)]

Undertheintendednterpretationwherevariablesrangeover reg-
ular opensubsetof R™ and CG is the ordinary geometricalcon-
gruencerelation, CGOB(z, y, z) holdsjustin casetherearepoints
p1,p2 € z, py € yandp, in z, suchthatd(pi,p2) = d(py,p-),
whered(p., py) is thedistancebetweerp, andp,.

Let us nowv definean orderingon regions basedupon the pairs
to which they standin the CGOB relation, and a predicatewhich
identifiesthoseregionsthataremaximalwith respecto this order:

D24) # <y =au V2122[CGOB(z, 21, 22) — CGOB(y, 21, 22)]
D25) 2 <y =w ¢ JYyA-(y L)
D26) MaxCGOB(z) =g Vy[PP(z,y) = = < y]

It is clearthatMaxCGOB(x) mustholdif z is asphereUnfortu-
natelytherearealsosomemorecomple regionsfor which it holds.
E.g.,the predicatés satisfiedby regionsconsistingof threecongru-
ent spheresarrangedso that their centrepointsform an equilateral
triangle, provided that the distancebetweeneachpair of spheress
greaterthan the diameterof the sphereslt is possibleto construct
still morecomplex exampleswherea MaxCGOB region consistf
multiple non-congruentomponentsNeverthelessye canprove:

Lemmal In a classicalinterpretation every connectedregion r,
suc that MaxCGOB(r) holds,is a sphee.

Proof: For ary connectedegionr, thesetof region pairs(x, ), such
thatCGOB(r, z, y) is completelydeterminedy theseparationg, of
thetwo mostdistantpointsin the closureof r. Thelargestconnected
region having a givenvalueof § mustbeaspherell

We now definea specialclassof one-pieceregions which also
includesspheresasa specialcase.First we definea relationwhich
holds betweena region and the sum of all regionswhich are both
congruento andoverlapthatregion:

D27) CGOSUM(z,y) =¢r SUM.(CG(z,z) A O(z,z) : y)

Sincesumsalwaysexist andareunique for every regionz therewill
beauniqueregiony suchthat CGOSUM(z, y). We now prove that:

7 In [3] we usedthe term ‘congruent’for casesvheremirror reflectionsare
excludedand'‘isometry’ for the moregenerakelationallowing reflections.
In the currentpaper to accordwith publishednomenclaturde.g.[18] we
use‘congruencein themoregenerakense.
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Lemma2 Jz[CGOSUM(z,r)] canbetruein a classicalinterpre-
tationonlyif r is self-connected.

Proof: We considerthree exhaustve casescovering possiblein-

stance®f the existentially quantifiedgeneratingegion z:

1. z is selfconnectedClearlyr mustbe connected.

2. z containsatleastoneunboundecdomponentThenr mustbethe
universe which s self connected.

3. z consistof anumberboundedcomponents.

We needto prove thetheorentfor case3. Connectendess this case
follows from two lemmas:a) every pair of component®f z arecon-
nectedvia acontinuougathin r; andb) every pointof r is connected
to somecomponenbf z via a continuougathin .

We note that for ary point p of the spacep € r justin case:
therearethreepointspi, p2, ps € z, suchthatd(p, p1) = d(p2, p3)
(sincethis meanswe cantranslateandrotatethe spacesothatpoints
p2 andps aremappedto pointsp andp,). Moreover, for ary three
pointspi, p2,p3 € x, all pointson the spherecentredon p; of ra-
diusd(p2,p3) arein r. We denotethe setof pointsof this sphereby
a(p1, (p2,p3))-

Now to shav lemmaa) take ary two componentsc, ca of x
andtwo pointsp; € ¢1 andps € c2. The two congruentspheres
o(p1, (p1,p2)) and o(p2, (p1,p2)) are both within r; also, each
passeghroughthe centreof the otherand they mustthereforein-
tersectClearlythereis acontinuougathbetweerp; andp- running
alongthe surfaceof first oneandthenthe otherof thesespheres.

Now for lemmab). Take anarbitrarypointp € r. Thismustbein
o1 = o(p1, {p2, ps)) for somethreepointsp1, p2, ps € z; andthese
points musteachbe within somecomponenf z. Supposep; lies
outsides, thenthe spheresy = o(p2, (p2, p1}) intersectothoy
andthe point p;. Thus,thereis a pathfrom p to p; by traversingo
andthena,. Similarly, if ps lies outsides; onecanfind a pathby
traversingeo; theno (ps, {ps, p1)). Finally, in thecasewherebothp,
andps lie insideos, thespherers = o(ps, (p2, p3)) is congruento
o1 andcentredwithin o; andsomustintersects ; thuswe canfind
apathfrom p alongo; andthenalongos to reachp,. B

We arenow readyto definespheresilt is easyto seethatfor ary
spheres thereis aregion s’ suchthat CGOSUM(s’, s). Specifically
this holdswheres’ is a sphereconcentricwith s andwith onethird
of its radius.Thus,whereasMaxCGOB(z) holdsfor all spheresind
for a classof exotic multi-pieceregions,3y[CGOSUM(y, z)] holds
for all spheresanda classof exotic self-connectedegions. Conse-
quently we definea sphee predicateby:

D28) S(z) =ar (MaxCGOB(z) A Fy[CGOSUM(y, z)])
Thuswe have proved:

Theorem 3 Thespherepredicateis definablein termsof parthood
and congruenceMore specifically there is a predicateS definable
fromtherelationsP andCG, sud thatunderanyclassicalinterpre-
tation S(z) is trueiff region z is a sphee (in theusualsense).

5 ALTERNATIVE AXIOMS

Given the interdefinability of mary of the key conceptsof our ax-

iomatisationit is clearthat very differentand perhapsmore elegant
equialentaxiomsetscouldbegiven.In particularonemightwantto

replacethe complex axiomsof ElementaryGeometrywith moreba-
sic propertiesof qualitative conceptsFor instancethe lower andup-

per dimensionaxiomsfor a two-dimensionakpacecanbe replaced
by the simpleconditions:
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o I°zyz[ET(z,y) A ET(y, 2) A ET(z, 2)]
e ~F°zyzw[ET(z,y) AET(y,2) AET(z,2) A
ET(w,z) A ET(w,y) A ET(w, 2)]
Drawing on [18] we would lik e to recastour axiomssothatprop-
ertiesof the CG relation play a major rble. Somestrongproperties
of CG andits relationto P arethefollowing:

CG1l) CG(z,y) isanequialencerelation.

CG2) Vzy[PP(z,y) = ~CG(z, y)]

CG3) Vzy[I'[CG(z',z) AP(z',y)] + I [CC(y, y) AP(z,y")]]
CG4) VaVy[(z =U) V (y =U) V Fz[CGC(z, z) A PO(y, 2)]]

Usingthe HOL theorenprover[10] we have alreadyverifiedthat
several of the simplergeometryaxiomsgiving basicpropertiesof B
andEQD canbederivedfrom thesecongruencexioms.

6 WEAKER 1ST-ORDER VARIANTS

Fromthe point of view of specifyingan ontologyof spatialentities
thetheoriesRBG™ are appealingoecausef their catgorical inter-
pretationin termsof point-basedjeomentryHowever, asa basisfor
automatedheorenyproving they have seriousdravbacks A possible
restrictionis to limit the constructionof sumsto setsdescribabléoy
a 1st-ordempredicateof thelanguageThuswe could define
D29) SUMy(p(z) : y) =aer Vz[d(2) = P(2,9)] A

~3z[P(z,y) A Vw[p(w) = DR(w, 2)]]
to meanthat y is the sum of all regions satisfying the predicate
¢(z). Theexistenceanduniquenessf sumsthencorrespondso the
schemati@xiom

A2) Fz[p(x)] = 3'Y[SUM, (4(x) : y)]

This schemas notequialentto ary singlelst-orderaxiom.

For somepracticalpurposene may wantto further restrictthe
existenceof sumsaxiom so that only sumsof finite setsof regions
areguaranteedb exist. This canbeachiezed by replacingA2 by 8

A2") Vaydlz[z = z +y]

We call the wealer theoriesobtainedby replacingA2 by A2’ or
A2" RBG'™ andRBG" ™.

Theorem4 ThetheoriesRBG'™ and RBG"", wheen > 2, are
undecidable

Proof (sketch): Using the ideasof [12], the arithmeticalconcepts
of equality additionandmultiplication canbe encodedwithin either
RBG'™ or RBG"" as relationsamongregions, whosenumberof
componentss associatedvith a naturalnumber Onecouldthenex-
tendthetheoriego includeanessentiallyundecidableetof 1st-order
aritmeticalaxioms.Being subtheorie®f an essentiallyundecidable
theoryRBG'™ andRBG” ™ mustthemselesbeundecidablel

Theorem5 ThetheoriesRBG'” andRBG”"" areincomplete

Proof: Every completelst-ordertheory axiomatisableby a finite
numberof finitary axiomsandaxiom schematas decidable Since
thesetheoriesareundecidableéhey mustbeincomplete’ B

It shouldbe notedthateventhetheoriesRBG” ™ arenot ordinary
1st-ordertheoriesbecausehe axiomsof ElementaryGeometryin-
clude a schematiccontinuity axiom standingfor an infinite setof

8 [18] claimthatrestrictionto binarysumsis necessarto avoid contradiction;
but this only appliesto the definition of sumsin termsof connectiorused
by [4].

9 The sameargumentshaws thatthe theoryof [18] is incomplete.
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formulae.lt is possibleto replacethe schemawith a single axiom
suchthat the systemremainscateyorical despitebeingincomplete
[20]. However, this wealeningis unlikely to be computationallyad-
vantageousincethefull ElementaryGeometnys decidableywhereas
thewealer form is thoughtto be undecidable.

7 THE 2ND-ORDER CHARACTER OF THE
THEORY

In generala 2nd-ordervariable rangesnot only over setsof enti-
tiesfalling undera singleobjectlanguagepredicatebut over entities
falling underary of some(possiblyinfinite) setof suchpredicates.
In the caseof RBG, supposeve have proof of J[¢o(z)] andase-
quenceof predicatesyi (z), g2 (z), . . .; thenfrom A2 we canderive

y[Viz[gs(x) = P(z,y)] A Ve[P(z,y) = Jiz[pi(2) A O(z, 2)]]]

Here we representa potentially infinite sequenceof predicatesby
guantificationover anindexing variablei. We canthenspecify(1st-
order) constraintson the sequencef predicateshy formulaesuch
asViz[(¢i(z) A ¥1(z)) = Fiy[oi(y) A 2]], wherey; andip, are
morpho-mereologicgiredicateshatarerelevantto someproof.
Restrictionto countablesequence®f predicatesdoesnot limit
the generalityof the inferencerule in sofar asonly a countableset
of predicatescould be relevant to the proof of ary 1st-ordertheo-
rem.But thereare,of course anuncountablenumberof (countable)
sequence®f predicatesMoreover, becauseRBG is known to be
undecidablethe theory musthave 1st-ordertheoremswvhoseproof
dependsn the constructionof predicatesequencesatisfyingcon-
straintsthatarenot expressibleby finite 1st-orderformulae.
Ontheotherhandthereareinterestingheoremshatcanbeproved
by meansof predicatesequencesatisfyingsimple 1st-ordemproper
ties.Forinstancepnecanconstructsequencef predicateslescrib-
ing aspecificseriesof disconnectedphereseachtwice thediameter
of its predecessogndby constructinghe sumof thesesphereone
canprove thatthereexists someregion r satisfyingthe conditions:i)
all component®f r arespheresii) r hasa uniquesmallestcompo-
nent;iii ) for every component’ of r thereis anothercomponent’
suchthat¢’ hastwice the radiusof ¢. Theseconditionsmeanthatr
musthave adenumerabl@nfinity of componentsind,becauseve can
definearelationholding betweerregionsthathave anequalnumber
of componentgthis canbedonein the style of [12]), this meansave
candefinea predicatewhich s true of just thoseregionswith denu-
merablyinfinite componentsThiswould notbepossiblein astrictly
1st-ordettheorybecaus®f the Skolem-Lowenheimtheorem.

8 CONCLUSION

We have specifieda cateyorical theory of Region-BasedGeometry
that provides a secureand very generalontologicalfoundationfor
representingqualitatve spatialinformation. An applicationof the
formalismto describingrigid bodykinematicsis exploredin [2] and
[3]. The 2nd-ordematureof RBG posessevere problemsfor auto-
matedreasoningHowever, our theoryis notintendedform the basis
of adeductve mechanismbut ratherto provide alogical framevork
with a precisesemanticswithin which a variety of more practical
representatiofanguagegsuchasthatof [17]) mightbeembedded.

Although our theoryis extremelygeneralit doeshave the limita-
tion thatit canonly dealwith a domainof entitieshaving a given
fixeddimensionFor mary applicationst would beusefulto beable
to referto entitiesof differentdimensionality{11]. We would like to
extendourtheoryto caterfor this.
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