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Abstract. We presenta highly expressive logical languagefor
describingqualitative configurationsof spatial regions, basedon
Tarski’s Geometryof Solids, in which theparthoodrelationandthe
conceptof sphere aretaken asprimitive. We give a categorical ax-
iom system,whosemodelscanbeinterpretedclassicallyin termsof
Cartesianspacesover � . Weshow thatwithin thissystemtheconcept
of sphereandthecongruencerelationareinterdefinable.We investi-
gatethe2nd-ordercharacterof thetheoryandprove incompleteness
of someweaker 1st-ordervariants.

1 INTR ODUCTION

Many researchersin thefield of QualitativeSpatialReasoning(QSR)
have arguedthat it is usefulto have representationsin which spatial
regions are the basicentities [7, 5]. This ontology contrastswith
theapproachof classicalgeometry, wherelines,surfacesandregions
aretypically thoughtof assetsof points.To meetthis needseveral
region-basedtheorieshave beenproposed[16, 1]. However, these
theorieshavebeenlimited to describingtopologicalproperties,sothe
expressivepoweris muchmorerestrictedthanpoint-basedgeometry.

By addinga sphere primitive to Leśneiwski’s Mereology, Tarski
[19] showedhow to giveacategoricalaxiomatisationof thegeometry
of regionswhosemodelsare isomorphicto the structureof regular
opensetsof pointsin Euclideanpoint-basedgeometry. Hecalledthis
theorytheGeometryof Solids.3 UnfortunatelyTarski’s theoryis not
fully formalised:its postulatesarestatedin Englishand in several
casesaremeta-level conditionsratherthanaxioms.Thecurrentpaper
employs Tarski’s ideasto providea fully formal system.

Onepaperwhichdoesproposea region basedtheorywith thefull
expressive power of geometryis [18], which attemptsto reconstruct
Tarski’s theory within a 1st-orderlanguagewith the primitives of
congruenceandstrongconnection. Ourapproachissimilarto thisbut
our theoryhassomesignificantadvantages.Firstly, (asin [6]) weas-
sumeonly parthood, P �����	��
 , anda morphologicalprimitive (which
may beeitherthespherepredicateS ����
 or the congruencerelation
CG �����	��
 ), whereas[18] employ anadditionaltopologicalprimitive
(‘simple region’). Topologicalconceptsareneverthelessdefinablein
our system.Secondly, we prove categoricity by a muchmoredirect
encodingof Tarski’s geometryaxiomsinto our language.

Therehasrecentlybeensomecriticism of the region-basedap-
proachto spatialreasoning.For instance[15] arguethat thereis no
advantagein reasoningwith regionsasopposedto setsof pointsbe-
cause,onceacertainminimal level of expressivecapabilityis passed,
the region-basedtheoriesare just ascomplex ascomparablepoint-
basedtheories.While weacceptthis,webelieve thatfor carryingout
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This is really a theoryof ‘regions’ or ‘volumes’,sincethe entitiesof the
theorymayinter-penetrateandthepropertyof solidity is notconsidered.

reasoningrelevant to specificproblemsinvolving configurationsof
spatialregionstherearesignificantadvantagesin usinga represen-
tationwhich is closeto the obvious region-baseddescriptionof the
problem,ratherthan re-describingthe situationin termsof points.
In fact the high complexity of reasoningin any expressive spatial
languagemakesit all themoreimportantthatoneshouldbeableto
specifyproblemsassimplyaspossible.

Theprimarypurposeof our formalismis to provide a secureon-
tologicalfoundation(asadvocatede.g.in [13]) for theoriesof spatial
information; but we also believe that it can serve as a framework
within which more computationallyorientedrepresentations(e.g.
that of [17]) can be embedded.Sinceour theory hasa categorical
interpretationin termsof Cartesianfieldsover � it is readilycompat-
ible with moretraditionalrepresentationsthat employ this classical
modelof space.

2 MEREOLOGY

We begin by presentinga formal theory of the parthoodrelation,
P ��������
 . As abasisfor theaxiomatisationwetaketheclassicalMere-
ologyof Leśneiwski[14] (seealso[19, 21]):

D1) PP �����	��
�� def � P ��������
�������������
	

D2) DR ��������
�� def ���� �!P �" #�	�$
�� P �" #�	��
&%
D3) SUM ��'(�	��
�� def ) �$! �+*�'�, P �����	��
&%#����� -!P �" ��	��
�� ) �$! �.*/'�, DR �����0 1
&%2%

In D3, ' is a 2nd-ordervariable,which candenoteany subsetof
the domainof regions. ��*�' is of coursetrue just in casethe de-
notationof � is a memberof the setdenotedby ' ; but our object
languagedoesnot includeany otherset-theoreticapparatus.4

In additionto theusualprinciplesof classicallogic andthetheory
of sets,the systemis requiredto satisfy the following specifically
mereologicalpostulates:

A1) ) � ) � )  -!P ��������
�� P ���$�	 1
�, P �����	 1
&%
A2) ) '3! ���4! �/*/'�%�,5��6 �4!SUM ��'(�	�$
&%2%

Theseensurefirstly thatthepartrelationis transitiveandsecondly
(andslightly controversially)thatfor any non-emptysetof individu-
alsthereis a uniqueindividual which is thesumof thatset.

For conveniencewe alsodefine:

D4) O ��������
�� def � DR �����	��

D5) PO ��������
�� def O �����	��
���� P �����7�-
���� P ���$���$


3 REGION-BASED GEOMETR Y

We now develop a theory which we call Region-BasedGeometry,
inspiredby Tarski’s Geometryof Solids[19]. WhereasTarski’s pre-
8

In facttheform 9;:=< couldbewrittenas <�>?9#@ , in thestyleof a2nd-order
languagewithout settheory.
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sentationis not formalised(andin somerespectssomewhatunclear)
we shallgive a fully formalaxiomatisation.

Following Tarski we build on Leśneiwski’s mereology by intro-
ducinga new primitive sphere predicate,which we write S ����
 . In
termsof P andS a seriesof geometricalrelationshipsandconcepts
aredefinedandasetof postulatesis given.Hereandin therestof the
paperwe shalloftenwant to quantifyover just thesphericalregions
in thedomain.For conveniencewe introducethenotations
B )DC �4! EF%;� def ) ��!S ����
�,GEF%B � C �4! EF%;� def �H��!S ����
���EF%
As in [19] wedefinetherelationsof externaltangency(ET), inter-

nal tangency(IT), external diametricity(ED), internal diametricity
(ID) andconcentricity( �4IJ� ). SeeFig. 1 for 2D illustrations.

D6) ET ��K$��LM
�� def � S ��K�
�� S ��LN
�� DR ��K$��LM
� ) C �F�$!2� P ��K��	�$
�� P ��K��	��
�� DR ��LO�	�$
�� DR ��LP�	��
	
,Q� P �����	��
�R P �����	�$
	
&%?

D7) IT ��K��	LN
�� def � S ��K�
�� S ��LN
�� PP ��K��	LM
��

) C �-�D!2� P ��K��	��
�� P ��K��	��
�� P �����	LM
�� P ���$�7LM
	
4,� P �����	��
�R P �����	�$
	
&%?

D8) ED ��K���LP��SM
T� def � S ��K�
�� S ��LN
�� S ��SM
� ET ��K��	SN
�� ET ��LP��SM
�� )$C �F�$!U� DR �����	SN
�� DR ���$��SM
��

P ��K�����
�� P ��LP���-
	
�, DR �������-
&%?

D9) ID ��K$�7LP�	SN
T� def � S ��K�
�� S ��LM
�� S ��SM
� IT ��K��	SM
�� IT ��LO�	SM
�� ) C �F�$!2� DR �����7SM
4� DR ������SM
� ET ��K��	��
�� ET ��LP���-
	
�, DR �������-
&%?

D10) KDIJLV� def � S ��K�
�� S ��LN
4�W�	��KJ�XLN
RW� PP ��K���LN
4� ) C �F�$!2� ED �����	����K�
4� IT ������LN
4� IT �����	LM
	
, ID �����	����LN
&%Y
RW� PP ��LP�	K�
�� ) C �F�$!2� ED �����	���	LN
�� IT �����	K�
�� IT �����	K�
	
, ID ���������	K�
&%?
	
	


Wenow definesomefundamentalrelationsinvolving spheres:

D11) B �������$�� 1
�� def �����ZR/�;�[ \R�#]1^_!ED �����	���7]#
4� ED ��]F�	^Z�	��
�� ED ���$�	 ��	^`
&%
D12) COB �bac�	de
�� def S �baO
�� ) aNfb! aNf I�a3,g� O �baNfb��de
���� P �baNf"�	dc
	
&%
D13) EQD �����	���	 e
�� def � C  cf&!  Pf�I; \� COB ���$�	 cfY
�� CB �����0 PfY
&%
D14) Mid �����7�$�	 1
�� def B �����	���� 1
4�� C �Hfb! �Hf7IJ�Z� COB �������Hf?
�� COB �" ��	�Hf?
&%
D15) EQD ��^_�����	���0 1
�� def� CNh ]�!Mid ��^Z� h �	��
�� Mid ����� h �	]#
4� EQD ��]F�0 ����-
&%
D16) Nearer ��^Z�	���7���0 1
�� def� C � f !B ��^Z�	���	� f 
��������iI_� f 
4� EQD ��^_�	� f �0���	 e
&%

B ���������0 1
 holdswhenthecentreof � is betweenthecentresof �
and  (or coincideswith oneof these).COB �bac�	dc
 meansthatsphere
a is CentredOn theBoundaryof d . EQD ���������0 1
 saysthat thecen-
tresof � and � areequidistantfrom thecentreof  . Mid ���������0 1
 says
thatthecentreof � liesmid-waybetweenthecentresof � and  ; and
EQD ��^Z�	�����$�� 1
 holdswhenthedistancebetweenthecentresof ^
and � is the sameas the distancebetweenthe centresof � and  .
Nearer ��^Z�	���	���0 e
 meansthatthecentresof ^ and � arecloserthan
thecentresof � and  .

Sincethe conceptsB and EQD are definable,we can write the
axiomsof j -dimensionalElementaryGeometry[20, 2] within our
language(thevalueof j is fixedby appropriatechoiceof upperand
lower dimensionaxioms).[19] takesthis approachto prove thathis
geometryof solidsis categoricalandis modelledby j -dimensional
Euclidanspacein which spheresare interpretedas openballs and
‘solids’ areregularopensets.We take a similar approach;however,
whereasTarski introducedpoints as setsof spheres,our relations
concernspheresbut they hold just in casethe centrepoints of the
spheressatisfy the correspondingpoint relations.Thus the quanti-

a a ab b bc

c

a b b a

IT(a,b) ED(a,b,c) ID(a,b,c) CONC(a,b)ET(a,b)

Figure 1. Relationsamongspheresdefinedby Tarski[19].

fiersof thepoint-basedgeometryaxiomscanbereplacedby quanti-
fiersoverspheresandtheequalityrelationreplacedby theI relation.
Hence,in additionto A1 andA2 of Mereology, our theorycontains:

A3) A completeaxiom setfor j -dimensionalgeometry(e.g. [20])
encodedin termsof theB, EQD and I relations.

A4) )$C �F�# -!2���iIJ�Z���DI; 1
4,k�4I; P%
A5) ) C �F� f �� P^J!2� EQD �����	���0 ���^l
��/� f IJ�$
�, EQD ��� f �	���	 ��	^`
&%
AxiomsA4 andA5 ensurethatI behaveslikeequalityrelative to the
geometricalaxioms.5

To getacategoricalaxiomatisationwehaveto ensurethattheclass
of regular opensetsof centrepointsof spherescoincideswith the
classof regionsandthat theP relationcorrespondsto the inclusion
relationamongthecentrepoints.Ratherthanstatingtheseasameta-
level constraints(asTarskidoes)weenforcethemdirectlyby axioms.
First,we definerelationsthathold whenthecentrepoint of a sphere
is within theinterior of a region:

D17) InI �bac�	dc
�� def �-a f ! a f I=a3� P �ba f �	dc
&%
Wecannow specifytheaxioms:

A6) )$C �F�$! �3���4IJ��
�,� C ae! a1IJ�;� ) C  -! InI �" ��0aO
�m Nearer �����0 #�	������
&%2%
A7) )$C �$� C �$! �����4IJ��
�� )$C  -! InI �" ��	��
�m Nearer �����	 ��	���7�-
&%2%
A8) ) �F�$!P ��������
�m ) C a1! InI �bae���$
�, InI �bac�	��
&%2%
A9) ) de� C a1!P �bac�	dc
&%

A6 ensuresthat for every pair of distinct points � and � thereis
a spherecentredat oneandboundedby the other. A7 saysthat all
spherescanbeconstructedin this way. A8 meansthatP �����	��
 holds
just in caseeveryinteriorpointof � is aninteriorpointof � (thisactu-
ally makesA1 redundant).A9 statesthateveryregionhasaspherical
part(from this it canbeproofedthatevery region is equalto thesum
of its sphericalparts).The theoryspecifiedby theaxiomsA1–9 we
call RBG n (Region-BasedGeometry).

Letan j -dimensionalclassicalinterpretationfor RBG n beafunc-
tion o n whichassignsanon-emptyregular opensubsetof �(n to each
1st-ordervariableof RBG n andasetof non-emptyregularopensub-
setsof �(n to eachof its 2nd-ordervariables.Undera classicalinter-
pretationP �������-
 holdsjust in caseo n ���$
qpro n ���-
 ; S ���$
 holdsjust
in caseo n ���$
 is anopenj -ball.

Theorem1 AxiomsRBG n provide a categorical axiomsystemfor
j -dimensionalregion-basedgeometry, such that everymodelis iso-
morphicto a classicalinterpretation o n .
Proof: [20] proves that all modelsof the axiomsspecifiedby A3-
A5 have the structureof j -dimensionalCartesianspacesover � .
This guaranteesthat thereare spherescentredat all and only the
pointsof �(n . A6 andA7 ensurethat thereis a spherecorrespond-
ing to every open j -ball in thespace,suchthat InI �bae�0aMf?
 holdsjust
in casethe centrepoint of a is in the ball correspondingto aNf . A8
fixes the interpretationof P �����	��
 to coincide with the conditions a1t InI �bac�	�$
0u�p s aHt InI �bae���-
0u . The interpretationof S is now com-
pletely fixed relative to � n and InI andP alsohave thereintended
interpretationsover thedomainof spheres.We now fix theinterpre-
tationof theregions.v

Reflexivity andsymmetryareimplicit in thedefinitionof w .

KnowledgeRepresentation,Automated Reasoning 205 B. Bennett,A.G. Cohn, P. Torrini and S.M. Hazarika



FromA9 andD3 it is easyto show thatevery region is thesumof
its sphericalparts(T1: ) �4!SUM � s �xt P ���$���$
�� S ����
0ue�	�$
&% ). This,
with A2, ensuresthatthesetof regionscoincideswith theSUMs of
arbitrarysetsof spheres.Let thesetof ‘interior-points’ of a region d
bethesetof centrepointsof all spheresa suchthatInI �bae��de
 . Clearly,
determiningthissetfor all regionscompletelydeterminestheP rela-
tion.Wenow show thatfor any setof spheres' suchthatSUM ��'(�yaz
 ,
the set { of interior pointsof a coincideswith the smallestregular
openset | containingall interior pointsof all spheresin ' .

First note that from A1, A2, D10 and D17 one can prove T2:
) C a ) d#! InI �bac�	dc
�m5� C a f !P �ba f �	dc
�� InI �bac�ya f 
&%2% ; whichmeansthatthe
interiorpointsof a regionarejust thoseinterior to its sphericalparts.
Consequentlythe interior points of any region form an open set.
Since { mustbe openand | is regular open,thenif { werelarger
than | it would containsomespheredisjoint from | andhencedis-
joint from all spheresin ' andhencedisjoint from a . Thus {[p}| .
Since | is openwe canexactly cover all its pointsby the interior
pointsof a setof spheres~ . By A2 theremustbe a region d such
thatSUM �Y~��	dc
 . Theregularity of | thenmeansthat interior points
of d areexactly thosein | . Now suppose{V��| , thenusingA8 and
themereologicalaxiomsonecanshow that �#�4!P �����7de
4� DJ �����	az
&%
andthence(using9) � C ��!P ������dc
4��� DJ �����yaz
&% . But if d includesa
spherewhich is disjoint from a then,contraryto our supposition|
cannotbe the smallestregular openset including all spheresin ' .
Thereforewe musthave {W�X| . �

Becauseof the2nd-ordernatureof thetheorywecannotgetatruly
completeaxiom system.However, thecategoricity resultmeansthe
theorywouldbecompleteif wehadanoraclefor 2nd-orderlogic, so
themeaningof all non-logicalvocabulary is completelyfixed.

Theorem2 RBG n is undecidablefor j���� .
Proof: For j���� this follows from the resultsof [12] andalsoof
[9]. Undecidabilityfor higher dimensionscan be demonstratedby
defininga ‘slice’ of j -spacethatis infinitely extendedin two dimen-
sionsbut of a fixed finite thicknessin the others.Two dimensional
regionscanbesimulatedby partsof theslicesuchthat their bound-
arieswithin thesliceareorthogonalto thefacesof theslice.6 �

4 PRIMITIVES AND DEFINABILITY

It is worth noting that all the conceptsusedin our axiomatisation
weredefinedjust from theprimitivesP andS. Nevertheless,RBG is
anextremelyexpressive formalism.All of elementarypoint geome-
try canbedescribedby meansof theB andEQD predicatesandthe
)DC and � C quantifiers.Additionally we candefinea furthervery rich
classof predicateswhich applyto regionsin general.We candefine
a connectionrelation(which behavessimilarly to theC primitive of
[16]) by noting that for every point of contact(or overlap)between
two regions,any spherecentredon thatpoint overlapsbothregions.
Wecanalsodefinethestrongconnectionrelationof [18] andthecan
connectprimitive of [8]:

D18) C �����	��
�� def � C  )  f !  f I; `,Q� O �" f �	�$
�� O �" f �	��
	
&%
D19) SC �����	��
�� def � C  -!O �" #�	�$
�� O �" ��	��
�� P �" ��	�J����
&%
D20) CC �����	���	 1
�� def �1� f !CG ��� f �	�$
�� C ��� f �	��
4� C ��� f �0 e
&%

We can also definethe powerful congruencerelation employed
by [18] and [6]. Two regions are congruentif one can be trans-
formedinto theotherby meansof rotation,translationand(option-

�
RBG



mayalsobeundecidable;sofarwehave no resulton this.

ally) mirror reflectionoperations.7 Congruenceof spherescanbede-
finedby:

D21) SCG �����	��
�� def S ���$
�� S ���-
�����a 
 a � ! a 
 I=a � �
ET �����	a 
 
�� ET ���$�	a 
 
4� IT �����ya � 
4� IT �����0a � 
&%

andof two pairsof spheresby:

D22) SCG �����	����� f �	� f 
�� def SCG ������� f 
�� SCG �����	� f 
���	� ET �����	��
�� ET ���Ff"�	�Hf?
	
�R�� e Pf&!SCG �" ��0 cfY
�� ED �����7���0 1
�� ED ���Ffb���#f"�0 cf?
&%�R�� e f !SCG �" #�0 f 
z� IT �" ��	�$
z� IT �" #�	��
O� IT �" f �	� f 
O� IT �" f �	� f 
&%?

We can then definea generalcongruencerelation, CG ��������
 , be-
tweenarbitraryregionsby employing theconstructiongiven in [18]
usingso-called‘scalenesumsof spheres’.

FROM MEREOLOGY+CONGRUENCETO SPHERES

A significant result of our investigationsis that within RBG the
spherepredicateS is definablein termsof P andCG. Our approach
is first to definetherelationCGOB ���������0 1
 , which meansthata re-
gionConGruentto � OverlapsBothof theregions � and  :
D23) CGOB �����	���	 e
�� def �H� f !CG �����7� f 
4� O ��� f �0��
�� O ��� f �y 1
&%

Undertheintendedinterpretationwherevariablesrangeover reg-
ular opensubsetsof � n and CG is the ordinary geometricalcon-
gruencerelation,CGOB �����	���0 1
 holdsjust in casetherearepoints� 
 � � � *�� , ��� *�� and ��� in  , suchthat ��� � 
 � � � 
_����� ��� � ��� 
 ,
where��� ��� � � � 
 is thedistancebetween��� and� � .

Let us now definean orderingon regions basedupon the pairs
to which they standin the CGOB relation,anda predicatewhich
identifiesthoseregionsthataremaximalwith respectto thisorder:

D24) ������� def )  
  � !CGOB �����	 
 �0 � 
4, CGOB �����0 
 �	 � 
&%
D25) ������� def �������������.���$

D26) MaxCGOB ���$
�� def ) �$!PP �������-
�,k�����H%

It is clearthatMaxCGOB ����
 musthold if � is asphere.Unfortu-
natelytherearealsosomemorecomplex regionsfor which it holds.
E.g.,thepredicateis satisfiedby regionsconsistingof threecongru-
ent spheresarrangedso that their centrepoints form an equilateral
triangle,provided that the distancebetweeneachpair of spheresis
greaterthan the diameterof the spheres.It is possibleto construct
still morecomplex examples,whereaMaxCGOB regionconsistsof
multiple non-congruentcomponents.Nevertheless,we canprove:

Lemma 1 In a classical interpretation every connectedregion d ,
such thatMaxCGOB ��dc
 holds,is a sphere.

Proof: For any connectedregion d , thesetof regionpairs ��������� , such
thatCGOB ��dP��������
 is completelydeterminedby theseparation,� , of
thetwo mostdistantpointsin theclosureof d . Thelargestconnected
regionhaving a givenvalueof � mustbea sphere.�

We now definea specialclassof one-pieceregions which also
includesspheresasa specialcase.First we definea relationwhich
holdsbetweena region and the sumof all regionswhich areboth
congruentto andoverlapthatregion:

D27) CGOSUM �����	��
�� def SUM � � CG �" ����$
�� O �" ��	�$
q�c�-

Sincesumsalwaysexist andareunique,for every region � therewill
beauniqueregion � suchthatCGOSUM �����	��
 . Wenow prove that:
�

In [3] we usedtheterm ‘congruent’for caseswheremirror reflectionsare
excludedand‘isometry’ for themoregeneralrelationallowing reflections.
In thecurrentpaper, to accordwith publishednomenclature(e.g.[18] we
use‘congruence’in themoregeneralsense.
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Lemma 2 �H�4!CGOSUM �����	dc
&% canbetrue in a classicalinterpre-
tationonly if d is self-connected.

Proof: We considerthree exhaustive casescovering possiblein-
stancesof theexistentiallyquantifiedgeneratingregion � :
1. � is self connected.Clearly d mustbeconnected.
2. � containsatleastoneunboundedcomponent.Then d mustbethe

universe,which is self connected.
3. � consistsof a numberboundedcomponents.

Weneedto prove thetheoremfor case3. Connectendessof this case
follows from two lemmas:a) everypair of componentsof � arecon-
nectedvia acontinuouspathin d ; andb) everypointof d is connected
to somecomponentof � via a continuouspathin d .

We note that for any point � of the space,� *�d just in case:
therearethreepoints� 
 � � � � � � *T� , suchthat ��� � � � 
 
3����� � � � � � 

(sincethis meanswe cantranslateandrotatethespacesothatpoints� � and � � aremappedto points � and � 
 ). Moreover, for any three
points � 
 � � � � � � *�� , all pointson the spherecentredon � 
 of ra-
dius ��� � � � � � 
 arein d . We denotethesetof pointsof this sphereby� � � 
 �M� � � � � � �	
 .

Now to show lemma a) take any two componentsS 
 �	S � of �
andtwo points � 
 *}S 
 and � � *}S � . The two congruentspheres� � � 
 �M� � 
 � � � �	
 and � � � � �M� � 
 � � � �	
 are both within d ; also, each
passesthroughthe centreof the other and they must thereforein-
tersect.Clearlythereis acontinuouspathbetween� 
 and� � running
alongthesurfaceof first oneandthentheotherof thesespheres.

Now for lemmab). Take anarbitrarypoint � *�d . This mustbein� 
 � � � � 
 �z� � � � � � �	
 for somethreepoints� 
 � � � � � � *�� ; andthese
pointsmusteachbe within somecomponentof � . Suppose� � lies
outside� 
 , thenthesphere� � � � � � � �M� � � � � 
 ��
 intersectsboth � 

andthepoint � 
 . Thus,thereis a pathfrom � to � 
 by traversing � 

andthen � � . Similarly, if � � lies outside � 
 onecanfind a pathby
traversing� 
 then � � � � �M� � � � � 
 ��
 . Finally, in thecasewhereboth � �
and� � lie inside � 
 , thesphere� � � � � � � �z� � � � � � �	
 is congruentto� 
 andcentredwithin � 
 andsomustintersect� 
 ; thuswe canfind
a pathfrom � along � 
 andthenalong � � to reach� � . �

We arenow readyto definespheres.It is easyto seethat for any
spherea thereis a region a f suchthatCGOSUM �ba f �0aO
 . Specifically
this holdswhere aNf is a sphereconcentricwith a andwith onethird
of its radius.Thus,whereasMaxCGOB ���$
 holdsfor all spheresand
for a classof exotic multi-pieceregions, �#�$!CGOSUM �����7�$
&% holds
for all spheresanda classof exotic self-connectedregions.Conse-
quently, wedefinea sphere predicateby:

D28) S ���$
/� def � MaxCGOB ����
����#�$!CGOSUM �������$
&%?

Thuswe have proved:

Theorem3 Thespherepredicateis definablein termsof parthood
and congruence. More specifically, there is a predicateS definable
fromtherelationsP andCG, such thatunderanyclassicalinterpre-
tationS ���$
 is true iff region � is a sphere (in theusualsense).

5 ALTERNATIVE AXIOMS

Given the interdefinabilityof many of the key conceptsof our ax-
iomatisationit is clearthat very differentandperhapsmoreelegant
equivalentaxiomsetscouldbegiven.In particularonemightwantto
replacethecomplex axiomsof ElementaryGeometrywith moreba-
sic propertiesof qualitative concepts.For instancethelower andup-
perdimensionaxiomsfor a two-dimensionalspacecanbereplaced
by thesimpleconditions:

B � C �F�# -!ET ��������
�� ET ������ 1
4� ET �����0 e
&%B ��� C �F�# c^J!ET �����7��
4� ET �����	 1
4� ET �����0 1
��
ET ��^Z�	�$
�� ET ��^Z�	��
4� ET ��^Z�0 1
&%

Drawing on [18] we would like to recastour axiomssothatprop-
ertiesof the CG relationplay a major rôle. Somestrongproperties
of CG andits relationto P arethefollowing:

CG1) CG �����7��
 is anequivalencerelation.
CG2) ) �F�$!PP �����7�-
�,5� CG �����7�-
&%
CG3) ) �F�$! �H�-fb!CG ���Ffb���$
z� P ���-fb�	��
&%#m5�1�Hf&!CG ���Hf��0��
z� P �������HfY
&%2%
CG4) ) � ) �$!U���+���Z
�RW���=����
4R��H -!CG ������ 1
4� PO ���$�� 1
&%2%

UsingtheHOL theoremprover [10] wehavealreadyverifiedthat
severalof thesimplergeometryaxiomsgiving basicpropertiesof B
andEQD canbederivedfrom thesecongruenceaxioms.

6 WEAKER 1ST-ORDER VARIANTS

Fromthepoint of view of specifyinganontologyof spatialentities
the theoriesRBG n areappealingbecauseof their categorical inter-
pretationin termsof point-basedgeomentry. However, asa basisfor
automatedtheoremproving they haveseriousdrawbacks.A possible
restrictionis to limit theconstructionof sumsto setsdescribableby
a 1st-orderpredicateof thelanguage.Thuswecoulddefine

D29) SUM � �"Ei���$
q�e��
�� def )  -! E��" e
�, P �" ��	��
&%#����� -!P �" ��	��
�� ) ^_! Ei��^`
�, DR ��^Z�0 1
&%2%
to meanthat � is the sum of all regions satisfying the predicate
Ei���$
 . Theexistenceanduniquenessof sumsthencorrespondsto the
schematicaxiom

A2’) �1�4! Ei���$
&%#,5��6 �$!SUM � �"Ei���$
(�c��
&%
Thisschemais notequivalentto any single1st-orderaxiom.

For somepracticalpurposesonemay want to further restrict the
existenceof sumsaxiom so that only sumsof finite setsof regions
areguaranteedto exist. This canbeachievedby replacingA2 by 8

A2”) ) �F���-6  -!  _�X�J�x�1%
We call the weaker theoriesobtainedby replacingA2 by A2’ or

A2” RBG’ n andRBG” n .
Theorem4 The theoriesRBG’ n and RBG” n , where j��k� , are
undecidable.

Proof (sketch): Using the ideasof [12], the arithmeticalconcepts
of equality, additionandmultiplicationcanbeencodedwithin either
RBG’ n or RBG” n as relationsamongregions, whosenumberof
componentsis associatedwith a naturalnumber. Onecouldthenex-
tendthetheoriesto includeanessentiallyundecidablesetof 1st-order
aritmeticalaxioms.Beingsubtheoriesof an essentiallyundecidable
theoryRBG’ n andRBG” n mustthemselvesbeundecidable.�
Theorem5 ThetheoriesRBG’ n andRBG” n are incomplete.

Proof: Every complete1st-ordertheory axiomatisableby a finite
numberof finitary axiomsandaxiom schematais decidable.Since
thesetheoriesareundecidablethey mustbeincomplete.9 �

It shouldbenotedthateventhetheoriesRBG” n arenot ordinary
1st-ordertheoriesbecausethe axiomsof ElementaryGeometryin-
clude a schematiccontinuity axiom standingfor an infinite set of
 

[18] claimthatrestrictiontobinarysumsisnecessarytoavoid contradiction;
but this only appliesto thedefinitionof sumsin termsof connectionused
by [4].¡
Thesameargumentshows thatthetheoryof [18] is incomplete.
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formulae.It is possibleto replacethe schemawith a singleaxiom
suchthat the systemremainscategorical despitebeing incomplete
[20]. However, this weakeningis unlikely to becomputationallyad-
vantageoussincethefull ElementaryGeometryisdecidable,whereas
theweaker form is thoughtto beundecidable.

7 THE 2ND-ORDER CHARACTER OF THE
THEORY

In generala 2nd-ordervariable rangesnot only over setsof enti-
tiesfalling undera singleobjectlanguagepredicatebut over entities
falling underany of some(possiblyinfinite) setof suchpredicates.

In thecaseof RBG, supposewe have proof of ��! E$¢e���$
&% anda se-
quenceof predicates:E 
 ���$
£�	E � ���$
£�£¤N¤N¤ ; thenfrom A2 wecanderive

��6 �$! )�¥ �4! E$¦	���$
�, P �������-
&%H� ) �4!P �����7�-
�,5� ¥  -! E$¦y�" e
�� O �����0 1
&%2%2%
Here we representa potentially infinite sequenceof predicatesby
quantificationover anindexing variable ¥ . We canthenspecify(1st-
order) constraintson the sequenceof predicatesby formulaesuch
as )�¥ �4!2�"E ¦ ���$
��/§ 
 ���$
	
�,5� ¥ �$! E ¦ ���-
��/§ � %2% , where § 
 and § � are
morpho-mereologicalpredicatesthatarerelevantto someproof.

Restrictionto countablesequencesof predicatesdoesnot limit
thegeneralityof the inferencerule in so far asonly a countableset
of predicatescould be relevant to the proof of any 1st-ordertheo-
rem.But thereare,of course,anuncountablenumberof (countable)
sequencesof predicates.Moreover, becauseRBG is known to be
undecidable,the theorymusthave 1st-ordertheoremswhoseproof
dependson the constructionof predicatesequencessatisfyingcon-
straintsthatarenotexpressibleby finite 1st-orderformulae.

Ontheotherhandthereareinterestingtheoremsthatcanbeproved
by meansof predicatesequencessatisfyingsimple1st-orderproper-
ties.For instance,onecanconstructasequenceof predicatesdescrib-
ing aspecificseriesof disconnectedspheres,eachtwice thediameter
of its predecessor;andby constructingthesumof thesespheresone
canprove thatthereexistssomeregion d satisfyingtheconditions:i)
all componentsof d arespheres;ii ) d hasa uniquesmallestcompo-
nent;iii ) for every componentS¨f of d thereis anothercomponentS£f
suchthat S£f hastwice theradiusof S . Theseconditionsmeanthat d
musthaveadenumerableinfinity of componentsand,becausewecan
definea relationholdingbetweenregionsthathave anequalnumber
of components(this canbedonein thestyleof [12]), this meanswe
candefinea predicatewhich is trueof just thoseregionswith denu-
merablyinfinite components.Thiswouldnotbepossiblein astrictly
1st-ordertheorybecauseof theSkolem-Löwenheimtheorem.

8 CONCLUSION

We have specifieda categorical theoryof Region-BasedGeometry
that provides a secureandvery generalontologicalfoundationfor
representingqualitative spatial information. An applicationof the
formalismto describingrigid bodykinematicsis exploredin [2] and
[3]. The 2nd-ordernatureof RBG posessevereproblemsfor auto-
matedreasoning.However, our theoryis not intendedform thebasis
of a deductive mechanism;but ratherto provide a logical framework
with a precisesemanticswithin which a variety of more practical
representationlanguages(suchasthatof [17]) mightbeembedded.

Althoughour theoryis extremelygeneralit doeshave the limita-
tion that it can only dealwith a domainof entitieshaving a given
fixeddimension.For many applicationsit would beusefulto beable
to referto entitiesof differentdimensionality[11]. We would like to
extendour theoryto caterfor this.
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