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Abstract. The integration of constraintsolvers into proof plan-
ning haspushedthe problemsolving horizon.Proof planningben-
efits from the generalfunctionalitiesof a constraintsolver suchas
consistency check,constraintinference,aswell asthesearchfor in-
stantiations.However, off-the-shelfconstraintsolversneedto beex-
tendedin order to be be integratedappropriately:In particular, for
correctness,thecontext of constraintsandEigenvariable-conditions
have to betakeninto account.Moreover, symbolicandnumericcon-
straint inferencearecombined.This paperdiscussesthe extensions
to constraintsolvingfor proof planning,namelythecombinationof
symbolicandnumericinference,first-classconstraints,andcontext
trees.Wealsodescribetheimplementationof theseextensionsin the
constraintsolver �������
	 .
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1 INTR ODUCTION

Theconstructionof many mathematicalproofsrequiresa combina-
tion of purelylogical inferencestepswith specializedreasoningsuch
ascomputingintegrals,solvinginequalities,andconstructingmathe-
maticalobjectswith specificproperties.

In particular, difficultieswith purely logical proofscanbecaused
by the need to construct mathematicalobjects (witnesses)with
theory-specificproperties.

In fact, the situationin mathematicalproof constructionis con-
trary to theoriginal aim of logic-orientedautomatedtheoremprov-
ing: while logic-basedautomatedtheoremprovers try to construct
proofs solely by derivation of rules from a specificcalculuswith-
out incorporatingalreadyknown facts,mathematicianstry to draw
as much as possibleon factsthat have alreadybeenderived for a
particularmathematicaldomain.This insightgaveriseto theinvesti-
gationof theoryreasoning(asfor instance,of theoryresolution[18]
andconstrainedresolution[3]) andto knowledge-basedproof plan-
ning [9].

In knowledge-basedproof planningexternalreasonerscanbe in-
tegrated.In particular, a domain-specificconstraintsolver canhelp
to constructmathematicalobjectsthatareelementsof a specificdo-
main.As longasthesemathematicalobjectsarestill unknown in the
problemsolvingprocess,they arerepresentedby placeholderscalled
problemvariables.

Thetasksof aconstraintsolverin proofplanningarethecollection
andpropagationof constraintsaslong asthey areconsistent,thede-
tectionof inconsistenciesfor the restrictionof thesearchspace,the
computationof ananswerconstraint formulathatexpressesthecol-
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lectedconstraints,andfinally thedelivery of witnessesfor theprob-
lemvariables.

As a fundamentalextensionof our descriptionin [8] this paper
presentsthereasonsandtherealizationof theextensionsof off-the-
shelf constraintsolversthat arenecessaryfor its usein proof plan-
ning. We shall explain theseextensionsin generaltermsand with
respectto their implementationin theconcurrentconstraintlanguage
Oz [17].

In what follows, 
 , � , and � denotesetsof formulas.We use
standardProlog notationto namevariables(in capital letters)and
constants(in lower caseletters).

2 CONSTRAINT SOLVING

Constraint solvers are systemsthat use very efficient (theory-
specific)datastructuresandalgorithmsto performconsistency and
entailmentchecks.Many off-the-shelf constraintsolvers are de-
signedto tacklecombinatorialproblemsin which all problemvari-
ablesareintroducedatthebeginningandthesolversubmitstheprob-
lemto amonolithicsearchenginethattriesto find asolutionwithout
any interferencefrom outside.

An establishedmodel for (propagation-based)constraintsolv-
ing [17] involvesnumericconstraintinferenceoveraconstraint store
holdingso-calledbasicconstraintsoveradomainas,for example,the
domainof realnumbers.A basicconstraintis of theform ����� ( �
is boundto a value � of thedomain), ����� ( � is equatedto an-
othervariable � ), or ����� ( � takesits value in � , where � is
anapproximationof a valueof the respective domain).Attachedto
theconstraintstorearenon-basicconstraints.Non-basicconstraints,
asfor example��������� over integersor realnumbers,aremore
expressive thanbasicconstraintsand,hence,requiremorecomputa-
tional effort. A non-basicconstraintis realizedby a computational
agent,apropagator, observingthebasicconstraintsof its parameters
whicharevariablesin theconstraintstore(in theexample � , �! and� ). Thepurposeof a propagatoris to infer new basicconstraintsfor
its parametersandaddthemto thestore.Thathappensuntil no fur-
therbasicconstraintscanbeinferredandwrittento thestore,i.e.until
a fix-point is reached.Inferencecanberesumedby addingnew con-
straintseitherbasicor non-basic.A propagatoris terminatedif it is
eitherinconsistentwith theconstraintstoreor explicitly represented
by thebasicconstraintsin thestore,i.e. entailedby thestore.

Thecommonfunctionalitiesof constraintsolversareconsistency
check, entailmentcheck, reflection,and searchfor instantiations.
The (In)consistency check includesthe propagationof constraints
combinedwith the actual consistency algorithm, e.g., with arc-
consistency AC3 [7].
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3 PR# OOF PLANNING

As opposedto classicaltheoremproving that is basedon exhaustive
searchat thecalculus-level, proofplanningemploysabstractplanop-
erators,calledmethodsthat encapsulate(mathematical)proof tech-
niquessuchasdiagonalizationandinduction.

The idea underlying proof planning is that of classic AI-
planning[4]. A planningstateis asetof sequentsthatis dividedinto
goalsandassumptions. A proof planningproblemis definedby an
initial statespecifiedby theproof assumptionsandthegoal $ given
by the theoremto be proved. The theoremand proof assumptions
arerepresentedby sequents.3 For instance,for proving thetheorem
LIM+ whichstatesthatthelimit of thesumof two real-valuedfunc-
tions % and $ at a point &'� I( is thesumof their limits the initial
planningstateconsistsof thegoal)+*-,/./01�243 %6587�9��:$�587�9���; � �<; �
andof theproof assumptions)=*>,/./01�243 %6587�9?��; � and)=*>,/./01�243 $�587�9���; �A@
After the expansionof the definition of

,B./01�243 the resultingplanning

goalis)=*DCFE 5 EHG>I+JLKNM 5 MOG-IQPRC 7S5T5VU 7RWX&YU[Z MHP 7:\�]&^9 JU/5_%6587F9Y�`$�587�9T96W>5a; � ��; � 9bUNZ E 9 .
Planningmethodsrepresentinferenceactionsandspecifyprecon-

ditionsof theactionandits effectsontheplanningstate.Theplanner
searchesfor a solution,i.e. a sequenceof actionsthattransformsthe
initial stateinto a statewith no opengoals.Roughly, the planner
searchesbackward for an instantiatedmethodM whoseapplication
provesa goal $ andintroducesM into theplan.Thesubgoalsneeded
for theapplicationof M replace$ in theplanningstate.Theplanner
continuesto searchfor methodsapplicableto a subgoalandtermi-
natesif noopengoalsareleft or if no furthermethodcanbeapplied.
Sincemethodsareusuallymoreabstractthanthe rulesof the basic
logic calculus,a proof of a theoremis plannedat an abstractlevel
andaplanis anoutlineof theproof.

Knowledge-basedproof planning[9] extendsproof planningby
allowing for domain-specificmethodsandknowledge-basedmeans
to restrictthesearch.This includesthatsomedomain-specificmeth-
ods can call a domain-specificexternal reasoningsystem.For in-
stance,constraintsolvers for specificdomains,e.g., for setsor for
lineararithmeticin therealnumbersI( , canbeusedto decideabout
a method’s applicability.

3.1 Proof Planning in c MEGA

A knowledge-basedproofplannerformsthecoreof the d MEGA sys-
tem[6]. Oncea proof planhasbeenfound in d MEGA, it canbere-
fined by expandingit to a calculus-level proof, that is, a proof ind MEGA’s basicnaturaldeduction(ND) calculus[5]. This ND-proof
canbecheckedfor logical correctness.

In d MEGA themethodshave a frame-like representation.An ex-
ampleis theTellCS methodwhich playsan importantrole in the
integrationof constraintsolvinginto proof planning:

e
A sequent( fhgRi ) consistsof a setof formulae f (thehypotheses)anda
formula i andmeansthat i is derivablefrom f .

method:TellCS(CS)

premises

conclusions j L2

appl.cond
is-constraint( k ,CS) AND
var-in( k ) AND
tell(L2, CS)

proofschema L2. f , l gnm (solveCS;L1)

TellCS hastheconstraintsolverCS asaparameter. Theapplica-
tionof TellCSworksonagoal k thatisaconstraints.Whenthecon-
clusionof TellCS is matchedwith the currentplanningstate,k is
boundto this goal.This is indicatedby the j -annotationof thecon-
clusionL2 which indicatesthat the planninggoal is removed from
theplanningstatewhenTellCS is applied.Themethodintroduces
no new subgoalssinceis hasno o -premises.An methodis applied
only if the applicationcondition,appl-cond, evaluatesto prqtsFu . The
applicationconditionof TellCS saysthatthemethodis applicable,
if thefollowing conditionsarefulfilled. Firstly, theopengoal that is
matchedwith the k in line L2 of TellCS hasto bea constraint,i.e.
a formulaof theconstraintlanguageof theconstraintsolver that in-
stantiatesCS. Secondly, thegoalshouldcontainat leastoneproblem
variablewhosevalue is restrictedby k . Last but not least,the con-
straintgoal mustbe consistentwith the constraintsaccumulatedby
CS so far. The latter is checked by tell(L2,CS). Theconstraint
solver is accessedvia the tell function which evaluatesto prqtsFu
if CS doesnot find an inconsistency of the instantiatedk with the
constraintsaccumulatedsofar.

Theproof schemaof TellCS is introducedinto thepartialproof
planwhenTellCS is expanded.Furtherexpansionconstructsa log-
ical derivationof theconstraintk .

In orderto restrictthesearchspace,in proof planningthe instan-
tiation of existentiallyquantifiedvariablesby a term p is delayedas
long aspossible.A problemvariableis introducedasa placeholder
insteadanda constraintsolver incrementallyrestrictstheadmissible
valuesof p .
4 NEW REQUIREMENTS

For asafeandappropriateintegrationof constraintsolvinginto proof
planningseveralrequirementshave to besatisfied.Weshalldescribe
below theextensionsthatarecausedby thefollowing peculiaritiesin
proofplanning:
Synchronization with proof planning Whenbacktrackingtakes

placein proofplanning,constraintsmighthaveto bewithdrawn from
the collection of constraints,i.e. the set of constraintsis reduced
again.Therefore,a synchronizationbetweenthe proof plannerand
constraintsolver is needed.

Sincein theplanningprocessnot every variableoccursin these-
quentsof theinitial state,thesetof problemvariablesmaybegrow-
ing. In particular, proof planningmethodsmay introducenew aux-
iliary variablesthat arenot containedin the original problem.Typ-
ically, the setof constraintsis incrementallygrowing andreachesa
stablestateat the endof the planningprocessonly. Therefore,dy-
namicconstraintsolving[12] is needed.

Logical correctness Several proof planning methodsremove
quantifiersfrom goalsor assumptions.Whenthesemethodsare(re-
cursively) expandedto theND-level, thethenintroducedND-rules

C
I

and
K
E 4 mustobey theEigenvariableconditionof theND-calculus

in order be a correctproof steps.This condition requiresthat the

v
thesearethe rules w I x�yAz�{ 3�|V1b}x�y�~ 1�� z and � E x�y�� 1�� z�x�� zS{ 3�|V1b} yA�x�y�� , where �
mustnotoccurin any formulain f'����i��T�H� .
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new (Eigen)variableintroducedby the rule occursneitherin any of
the hypothesesof the sequentnor in the formula itself. Sinceproof
planningusesplaceholdersfor termsthat are not yet known, the
Eigenvariableconditionhasto beextendedto theoccurrencein the
eventualinstantiationsof the problemvariables.Consequently, the
searchhasto take into accounttheEigenvariableconstraints.

Moreover, logical correctnessrequiresto take into consideration
thehypotheses� of a constraint.In proof planninga constraintoc-
curs in a sequent( 
 * k ) that consistsof a set 
 of hypotheses
anda constraintformula k . The hypothesesprovide the context of
a constraintandmustbe taken into accountin the accumulationof
constraints.We refer to a constrainttogetherwith its context as a
constraint sequent. An importantpeculiarityof proofplanningis the
factthatcertainproblemvariablesmight occurin differentcontexts.
For instance,thecontexts 
��X������&�� and 
�������\��&�� result
from introducinga casesplit on ( ����& �� ��\��& ) into a proof
plan, where 
 is the setof hypothesesin the precedingplan step.
Whena new constraintsequent
���������&�� * k is processed,the
consistency of k hasto becheckedwith respectto all constraintswith
a context � which is a subsetof 
h�������]& � .
Symbolic rewriting Proof planning has to processconstraints

suchas ¡ �£¢ E¥¤ 5_¦ @ IR§©¨ 9 . Their termsmay containnamesof el-
ementsof a certaindomain(e.g., ¦ @ I ) aswell asvariables(e.g.,

¨
and ¡ � ), andsymbolicconstants(e.g.,

E
). Thismeans,asopposedto

systemsthathandlepurely“numeric” constraints,theconstraintrep-
resentationandinferenceneedsto includenumericandnon-numeric
(“symbolic”) termsto beappropriatefor proof planning.In the fol-
lowing, “numeric” indicatesthat an elementof a particulardomain
is involved in a term,inference,or valueeven if theelementsof the
domainarenotnumbers.

For the constraintrepresentationthis means,e.g., that a unique
lower or upperboundfor a problemvariablecannotalwaysbe de-
termined,e.g.,the problemvariable ª in a plan for LIM+ hasthe
upperbounds

M � and
M � whichcannotbereplacedby auniquebound

unlessthefunction «£¬_­ is employed.Thesearchalgorithmhasto be
extendedto find symbolicwitnessestoo.

5 CONSTRAINT SOLVING FOR PROOF
PLANNING

No off-the-shelfconstraintsolversatisfiesall of theabovementioned
requirementsandthereforewehadto developanextendedconstraint
solver thatcanbesafelyintegratedinto proofplanning.

5.1 Extensionsof Constraint Solving
Constraint Infer ence Theextendedsolverneedsto integrateboth,
numericand symbolic inferencemechanisms.One algorithm effi-
ciently testsasetof constraintsfor inconsistenciesby inspectingand
handlingthenumericboundsof variables.Wereferto this algorithm
as numericinference. A secondalgorithm, for symbolicinference,
usesterm rewrite rules to simplify the symbolic representationof
constraintsandconstraintsimplification rules to transforma setof
constraintsinto a satisfiabilityequivalentwhich is in a normalform.

For the combinationof numeric and symbolic inferencetech-
niquesthe constraintrepresentationof a purely numericconstraint
solver hasto beextendedbecauseotherwiseuniqueboundsof prob-
lem variablescannotbedeterminedin somecases.

Context Trees Context treesconsistof nodes,thecontext nodes.
Eachsuchnode ®°¯ consistsof a set � of hypotheses(the context)
anda set ± ¯ = ��k+Ut
 * k is constraintand 
³²��H� . A context tree
is a conjunctive treerepresentingthe conjunctionof all constraints
storedin the nodes.Figure1 shows the structureof sucha context

,θ,

Θ

∆ ∆

∆∆

∆

ζ ,ϕ, ζ

, θ , ϕ

´Nµ

Figure 1. A Context Treewith nodeannotations

tree.The root nodeis annotatedwith the emptycontext �R� . A di-
rectededgefrom anode® x to achild ®�¶¯ implies 
¸·-� . A subtree¹ ¯ of acontext treeconsistsof all nodeswith a context � for which�]²-� holds.

The consistency of a new constraint( 
 * k ) hasto be checked
wrt. theconstraintsets± ¯ with 
¸·-� . Theconstraintsolverchecks
consistency with thesets± ¯ in the leaf nodesonly becausethesets
of constraintsgrow from theroot nodeto theleaves.In otherwords
�·h� implies ± x ·�± ¯ . If aninconsistency occursin at leastone
leaf, theconstraint( 
 * k ) is not acceptedby theconstraintsolver.
Otherwise,k is addedto all sets± ¯ in thesubtree

¹ x .
Whena constraint( 
 * k ) hasto bewithdrawn becauseof back-

trackingin proofplanning,k is removedfrom all nodesin thesubtree¹ x . Emptycontext nodesareremovedfrom thetree.
Search for Witnesses The constraintsolver searchesfor a so-

lution, i.e. witnessesfor the problemvariablesthat satisfyall con-
straints.Sincethecontext treeis a conjunctive treewitnessesof the
problemvariableshave to satisfyall constraintsin thecontext treeif
therespectivecontext is satisfied.Thesearchfor witnessesof shared
variables, i.e. thosewhichoccurin differentcontextshasto take into
accountall constraintsof thesevariables.Therefore,the constraint
solver createsa singlesearchspacewith all constraintsfrom theleaf
nodes,i.e. theset ±º��»£¼[±½¯^¾ , at thebeginningof thesearchprocess

Thesearchalgorithmusesnumericinferenceandsymbolicinfer-
enceto transformtheconstraintsinto anormalform, to detectincon-
sistenciesasearlyaspossible,andto computeaninterval constraint«£&N7S5a;!9 ¢ � ¢ «�¬a­?5À¿49 for every problemvariable � . Here,; ( ¿ ) is a list whosefirst elementis thenumericlower(upper)boundÁ
( s ) and the rest of ; ( ¿ ) consistsof the symbolic lower(upper)

bounds.An elementis droppedfrom a boundlist as soonas it is
found to be not maximal(minimal). Eventually, themaximallower
bound «£&N7S5a;!9 andthe minimal upperbound «�¬a­?5À¿49 areusedto
computea witnessfor � . The searchalgorithmmustnot compute
witnesseswhich containEigenvariablesof the respective problem
variable.

5.2 Implementation

The constraint solver �������
	 ( ��� nstraint � olver for � nequa-
lities and 	 quations over the field of real numbers) is imple-
mentedin the concurrentconstraintprogramminglanguageMozart
Oz [14]. �������
	 ’s constraintlanguageconsistsof nonlineararith-
metic (in)equalityconstraintsover the realnumbers,i.e. constraints
with oneof therelationsZ , ¢ , � , Â , and

G
. Termsin formulasof this

languagearebuilt from real numbers,symbolicconstantsandvari-
ables,andthefunctionsymbols� , W ,

§
, and

¤
. Termsmayalsocontain

groundtermswhich containuninterpreted(alien) functionsymbols.
For instance, U % ¶ 58&^9bU is a groundterm containingthe two uninter-
pretedfunctionsymbols U @ U and %�¶ . �������
	 handlesthesealien terms
by variableabstractionsimilar to [13]. Alien termsaretemporarily
replacedby constraintvariableswhosevaluecannotberestricted.�������
	 builds a context tree whose nodes are computation
spaces[16] annotatedwith contexts. A computationspaceis anab-
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stractdatatypein MozartOz thatencapsulatesdata,e.g.,constraints
and any kind of computationincluding constraintinference.After
constraintinferencehas reacheda fix-point, a computationspace
may have variousstates:the spaceis failed (i.e. the constraintsare
inconsistent),all propagatorsvanishedsincethey arerepresentedby
the basicconstraintsin the constraintstore,or the spacecontains
disjunctions,i.e. constraintinferencewill proceedin differentdirec-
tions.

Whena new constraint( 
 * k ) is sentto thesolver by TellCS,
it hasto beaddedto certaincomputationspacesin thecontext tree.
Therefore,a new computationspaceÃbÄ containingk only is created
andmergedwith all computationspacesin theleafnodesof thesub-
tree

¹ x . In eachof thesecomputationspaces,the symbolic infer-
enceproceduretriesto simplify constraintsandto detectnon-trivial
inconsistencies.Propagation,i.e. numericinference,is triggeredby
thesymbolicinferenceprocedureasdescribedin thenext paragraph.
Whena fix-point is reachedin numericandsymbolicinference,the
resultingcomputationspaceis askedfor its state.If no inconsistency
is detectedk is insertedinto every computationspaceof thesubtree¹ x by mergingwith thespaceÃ Ä .

{1<=X, X<Y, X+Y=Z}

X
Z

[1.1; inf]

[2.1; inf]

Y

<

[1 ; inf]

+

numeric inference

symbolic inference

constraint store

first-class propagators

Figure 2. Combiningsymbolicandnumericinference

Symbolic and Numeric Constraint Infer ence In �������
	 , nu-
mericinferenceis basedonreal-interval constraintssupportedby the
RI-modulewith Mozart.Variables(for shortRI-variables) arecon-
strainedwith intervals of real numbers.As an extension,now the
RI-moduleprovidesfirst-classpropagators[15] for all relationsand
functionsfrom �������
	 ’s constraintlanguage.A first-classpropaga-
tor is anabstractdatatype.Becauseof beingfirst-classsuchapropa-
gatorcanbeinspectedanddiscarded,e.g.,by thesymbolicinference
procedure,andat the sametime work on the constraintstorein the
usualway.

Theconcurrentcombinationof symbolicandnumericinferenceis
basedon a sharedrepresentationof constraintsandby thefirst-class
propagators.Every variableandevery symbolicconstantoccurring
in a constraintprocessedby �������
	 is connectedto a corresponding
RI-variable.Therelationandeachnon-alienfunctionof a constraint
is connectedto its first-classpropagatorin theRI-module.

Figure2 illustratesthecombinationof symbolicandnumericin-
ference.It shows ���t�S��	 ’s connectionsof the constraintÅ ¢ � P
�ÆZÇ� P �n���È�n� to the first-classpropagatorsand the RI-
variablesfor � , � , and � .

The symbolic inference procedureapplies (conditional) term
rewrite rulesandconstraintsimplification rules from the theoryof
real numbersto (symbolic) constraintsin order to transformthese
constraintsinto anequivalentnormalform. Sincethesymbolicinfer-
encechangesthe termstructureof constraints,it directly influences
thecorrespondingfirst-classpropagators.It startsor terminatesfirst-

classpropagatorsconnectedto therelationsandnon-alienfunctions
of thetermschangedby theapplicationof rewrite andconstraintsim-
plification rules.Oneof therewrite rulesusedby �������
	 is thefol-
lowing:5Ép � § p � 9 ¤ 5Ép � § p e 9ÆÊ p � G-I�Ë�Ì p � ¤ p e 5rÅ�9
When the symbolic inferenceprocedurereceives, for instance,the
constraint& G>IQP ¡ ¢ 58& §�E 9 ¤ 58& §t¨ 9 , it createsnew RI-variables
for ¡ ,

¨
,
E
, and & (in casethey do not exist yet) andcomputesnew

first-classpropagatorsfor therelation ¢ andfor all occurrencesof the
functions

¤
and

§
. Therule (1) is applied,to theterm 58& §ÍE 9 ¤ 58& §¥¨ 9 ,

which is transformedto thenormalform
EÍ¤b¨

. Thus,the first-class
propagatorsfor

§
in 58& §bE 9 and 58& §t¨ 9 areterminated.

Search The searchprocedurestartswith an initial computation
space± and checksrecursively for ± and every new computation
spacewhetherit is failedor containsasolution.In eachcomputation
space,propagationrestrictsthe domainsof the variables.Addition-
ally, thesymbolicinferenceappliestermrewrite rulesandconstraint
simplificationrules.Oneof thesimplificationrulesis58� ¢ p � 9 P 58� ¢ p � 9 Ì � ¢ 0D./Î �bp �  rp � � ,
wherethe p ¼ arearithmetictermsand � is a problemvariable.

6 RESULTS

d MEGA’sproofplannertogetherwith theintegratedconstraintsolver�������
	 canfind proof plansfor many theorems,examples,andex-
ercisesfrom two chaptersof the introductoryanalysistextbook [2].
The extendedconstraintsolver allows for a correctproof planning
includingplanningproofswith a casesplit.
Example A proof that requiresa casesplit is, e.g., the proof of

the theoremContIfDeriv. This theoremstatesthat if a function % :
I( J I( hasaderivative %�¶À58&�9 atapoint &Ï� I( , thenit is continuous
in & . Its formalizationincludestheassumptionÐ!ÑÓÒNÔrÕ�Ö×ÔrÕ
ØÚÙ!Û�ÜAÝÍÕ�Ö×ÝÍÕ!ØÚÙÞÛ¸Ö/Òàß[Õ¥ÖÀá ß[Õ6âDã[áAä£ÝÍÕ�Û¸ÖaÖ×ßàÕHåæ ã�ç�ÛÖÀá_è¥éBê Õ¥ëÉì è�é/í ëê Õ ì í âRî�ï8Ö×ã�çVáAä�Ô Õ çaçaçaç_çaç
andtheplanninggoal5Ð!ÑÓÒNÔVÖ×Ô6ØÚÙÞÛ�ÜtÝ�ÖðÝÞØÏÙ!Û�Ö/Òàß©ÖÀá ßÞâDã[áAä£Ý
Û�á î©Öðß�ç�âRî©Ö×ã�çÍá�ä�ÔÀçaçaç_ç

The proof planner passesthe following constraintsequentsto�������
	 : ñ ÑQÙHä�ò Õ ñ ÑHÙQä£Ý Õñ ÑÓó-ô£ÝÍÕ ñöõ Öð÷HÕQåæ ã�ç ÑHÙQä�øñöõ Ö×÷ùÕÓåæ ã�ç^ÑQÙHäúø£ï ñöõ Öð÷HÕQåæ ã�ç ÑQó-ôúøñöõ Ö×÷ùÕÓåæ ã�ç^Ñ°á î�ï8Ö×ã�çVáAô£ø£ï ñöõ Öð÷HÕQåæ ã�ç ÑQó-ôúÔÀûtÖBü
ý¥ø£ï×çñöõ Ö×÷ùÕÓåæ ã�ç^ÑÓò?Õ�ô�ÔþûtÖðÿ?ý¥ø�ç ñöõ Öð÷HÕ æ ã�ç ÑQ÷HÕ æ ß õ
where 
 consistsof theproof assumptionandtheconstraints

I Z E
and

I Z ª . The problem variables ª , � � , and ¡ � correspond
to
M  T7 � , and

E � in the formalization of the problem.
¨

and
¨ ¶

are auxiliary variablesintroducedby a planningmethodfor com-
plex estimations.The two branchesof the context treecorrespond
to thebranchesof theproof plan thatoriginatefrom a casesplit on
( � � ��& �� � � \��& ).

At theendof theplanningprocess,�������
	 computesthefollow-
ing answerconstraint: ÙHä�ò�Õ � ÙHä£ÝÍÕ � ó-ô£ÝÍÕ �Öð÷ Õ åæ ã Û ÙHäúø � ó-ôúø �ÙHäúø ï � á î ï Ö×ã�çVá�ôúø ï �ò Õ ô�ÔþûtÖðÿ?ý¥ø�ç �ó-ô�ÔþûtÖBü
ý¥ø ï çaç[ç �Öð÷HÕ æ ã Û ÷HÕ æ ß�çaç��

Thesearchprocedureof ���t�S��	 computesthefollowing witnesses
for theproblemvariablesof ContIfDeriv:
�

In thisformalizationthedefinitionsof limit andderivative havealreadybeen
expanded.
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� � �]7 ,
¨ ¶F��5VU %�¶À58&�9bU��-Å�9 , ª¸� 0D./Î � M �  �v�� � ï � , ¨ �hª ,¡ � � �� � � .

ThesewitnessessatisfytheEigenvariableconditions.

7 CONCLUSION AND RELATED WORK

Theintegrationof constraintsolvinginto proof planningcausesnew
requirementsfor constraintsolvingthatarenot typically fulfilled by
standardconstraintsolvers.Therefore,wehaveaddressedgenericex-
tensionsof a standardconstraintsolver. Theprogramminglanguage
MozartOz is well-suitedfor theseextensions.
RelatedWork SoleX [13] providesmeansfor combiningnumer-
ical andsymbolic inferencein a sequentialmanner. It supportsthe
extensionof theconstraintlanguageof anexisting constraintsolver
whosesoundnessand completenesspropertiesare preserved. We
have adoptedtheSoleX approachto handlealientermsin thecon-
straintlanguageof ���t�S��	 . Few systemssystems,for instance[19],
tightly integrateconstraintsolving into theoremproving ratherthan
integratinganexternal,stand-aloneconstraintsolver. And,of course,
noneof themdoesproofplanning.

Recentlythe ELF-groupstartedto integrateconstraintmanipula-
tion into logical frameworksbasedon theresultsin [20]

The constraintlogic programminglanguageCAL [1] usescon-
straintcontexts to handleguardedclauses.

Ourpreviouswork [11] mainlydealtwith theinterfaceandtheac-
tual integrationof a constraintsolver into proof planning.We also
investigatedthesimplificationandguidancesuchan integrationcan
provide for proof planning[10]. We knew thatadditionalfeaturesof
the constraintsolver would have to guarantee,e.g.,the correctness
of theexpansionbut did not elaborateon this nor implementedany
extensionspreviously. A moredetaileddescriptionof thework pre-
sentedin this papercanbefoundin [21].
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