Extensionsof Constraint Solving
for Proof Planning
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Abstract. The integration of constraintsolversinto proof plan-
ning haspushedthe problemsolving horizon. Proof planningben-
efits from the generalfunctionalitiesof a constraintsolver suchas
consisteng check,constrainiinferenceaswell asthe searchor in-
stantiationsHowever, off-the-shelfconstraintsolversneedto be ex-
tendedin orderto be be integratedappropriately:In particular for
correctnessthe context of constraintsand Eigervariable-conditions
have to betakeninto accountMoreover, symbolicandnumericcon-
straintinferenceare combined.This paperdiscusseshe extensions
to constraintsolvingfor proof planning,namelythe combinationof
symbolicand numericinference first-classconstraintsand context
trees We alsodescribeheimplementatiorof theseextensionsn the
constraintsolver CoSZE.
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1 INTRODUCTION

The constructionof mary mathematicaproofsrequiresa combina-
tion of purelylogicalinferencestepswith specializedeasoninguch
ascomputingintegrals,solvinginequalitiesandconstructingnathe-
maticalobjectswith specificproperties.

In particular difficultieswith purelylogical proofscanbe caused
by the needto constructmathematicalobjects (witnesses)with
theory-specifigproperties.

In fact, the situationin mathematicaproof constructionis con-
trary to the original aim of logic-orientedautomated¢heoremprov-
ing: while logic-basedautomatedheoremproverstry to construct
proofs solely by derivation of rulesfrom a specificcalculuswith-
out incorporatingalreadyknown facts,mathematiciansry to draw
as much as possibleon factsthat have alreadybeenderived for a
particularmathematicatiomain.Thisinsightgave riseto theinvesti-
gationof theoryreasoningasfor instancepf theoryresolution[18]
andconstrainedesolution[3]) andto knowledge-basegroof plan-
ning [9].

In knowledge-basegroof planningexternalreasonerganbe in-
tegrated.In particular a domain-specificonstraintsolver canhelp
to constructmathematicabbjectsthatareelementf a specificdo-
main.As long asthesemathematicabbjectsarestill unknavn in the
problemsolvingprocessthey arerepresentetly placeholderscalled
problemvariables

Thetasksof aconstrainsolverin proofplanningarethecollection
andpropagatiorof constraintaslong asthey areconsistentthe de-
tectionof inconsistencie$or the restrictionof the searchspacethe
computatiorof ananswerconstaint formulathatexpresseshe col-
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lectedconstraintsandfinally the delivery of withnessedor the prob-
lemvariables.

As a fundamentalextensionof our descriptionin [8] this paper
presentghe reasonsndthe realizationof the extensionsof off-the-
shelf constraintsolversthat are necessaryor its usein proof plan-
ning. We shall explain theseextensionsin generaltermsand with
respecto theirimplementationn theconcurrentonstrainianguage
Oz [17].

In what follows, A, ®, and ¥ denotesetsof formulas.We use
standardProlog notationto namevariables(in capital letters)and
constantgin lower casdetters).

2 CONSTRAINT SOLVING

Constraint solvers are systemsthat use very efficient (theory-
specific)datastructuresand algorithmsto performconsisteng and
entailmentchecks.Many off-the-shelf constraintsolvers are de-
signedto tackle combinatorialproblemsin which all problemvari-
ablesareintroducedatthebeginningandthesolver submitstheprob-
lemto amonolithicsearchenginethattriesto find a solutionwithout
ary interferencerom outside.

An establishedmodel for (propagation-basedjonstraintsolv-
ing [17] involvesnumericconstraininferenceover aconstaint store
holdingso-calledbasicconstraint®veradomainas,for example the
domainof realnumbersA basicconstrainis of theform X = v (X
is boundto a valuewv of thedomain),X =Y (X is equatedo an-
othervariableY’), or X € B (X takesits valuein B, whereB is
an approximationof a value of the respectie domain).Attachedto
the constraintstorearenon-basicconstraintsNon-basicconstraints,
asfor exampleX + Y = Z overintegersor realnumbersaremore
expressve thanbasicconstraintsand,hence requiremorecomputa-
tional effort. A non-basicconstraintis realizedby a computational
agentapropagator, observinghebasicconstraintof its parameters
which arevariablesin theconstraintstore(in theexample X, Y, and
Z). Thepurposeof a propagatois to infer new basicconstraintsor
its parametersandaddthemto the store.Thathappensuntil no fur-
therbasicconstraintganbeinferredandwrittento thestore,i.e. until
afix-pointis reachedInferencecanberesumedy addingnew con-
straintseitherbasicor non-basicA propagatoiis terminatedf it is
eitherinconsistenwith the constraintstoreor explicitly represented
by the basicconstraintsn the store,i.e. entailedby thestore.

The commonfunctionalitiesof constraintsolversare consisteng
check, entailmentcheck, reflection, and searchfor instantiations.
The (In)consisteng checkincludesthe propagationof constraints
combinedwith the actual consisteng algorithm, e.g., with arc-
consisteng AC3[7].



3 PROOF PLANNING

As opposedo classicatheoremproving thatis basedon exhaustve
searchatthecalculus-leel, proofplanningemplays abstracplanop-
erators called methodghat encapsulatémathematicalproof tech-
niguessuchasdiagonalizatiorandinduction.

The idea underlying proof planning is that of classic Al-
planning[4]. A planningstateis a setof sequentshatis dividedinto
goalsandassumptionsA proof planningproblemis definedby an
initial statespecifiedby the proof assumptionsindthe goal g given
by the theoremto be proved. The theoremand proof assumptions
arerepresentetly sequents® For instancefor proving thetheorem
LIM+ which stateghatthelimit of the sumof two real-\aluedfunc-
tions f andg atapointa € IR is the sumof their limits the initial
planningstateconsistf thegoal

Ok lim f(z)+g(z) = L1+ Lo
T—a
andof the proof assumptions
0 F lim f(z) = Ly and
Tr—ra
0 F lim g(z) = L».
r—a

After the expansionof the definition of lim the resultingplanning

goalis o
OFVe(e>0—> 350 >0AVz((lx—a|<dAz#a)—>
|(f(z) + g(2)) — (L1 + L2)| <e).

Planningmethodsepreseninferenceactionsandspecifyprecon-
ditionsof theactionandits effectson theplanningstate. Theplanner
searche$or a solution,i.e. asequencef actionsthattransformshe
initial stateinto a statewith no opengoals.Roughly the planner
searchedackward for an instantiatedmethodM whoseapplication
provesagoal g andintroducesMinto the plan. The subgoalsieeded
for the applicationof Mreplaceg in the planningstate.The planner
continuesto searchfor methodsapplicableto a subgoaland termi-
natesf noopengoalsareleft or if nofurthermethodcanbeapplied.
Sincemethodsare usuallymore abstractthanthe rulesof the basic
logic calculus,a proof of a theoremis plannedat an abstractevel
andaplanis anoutline of the proof.

Knowledge-basegroof planning[9] extendsproof planningby
allowing for domain-specifianethodsand knowledge-basedneans
to restrictthesearchThis includesthatsomedomain-specifieneth-
ods can call a domain-specificexternal reasoningsystem.For in-
stance constraintsolvers for specificdomains,e.g.,for setsor for
lineararithmeticin therealnumberdsR, canbe usedto decideabout
amethods applicability

3.1 ProofPlanning in QMEGA

A knowledge-basegroofplannerformsthecoreof theQ2MEGA sys-
tem[6]. Oncea proof planhasbeenfoundin QMEGA, it canbere-
fined by expandingit to a calculus-leel proof, thatis, a proof in
QMEGA’s basicnaturaldeduction(ND) calculug[5]. This ND-proof
canbechecledfor logical correctness.

In QMEGA the methodshave a frame-like representationAn ex-
ampleis the Tel | CS methodwhich playsanimportantrole in the
integrationof constraintsolvinginto proof planning:

3 A sequen(A + F) consistof a setof formulaeA (the hypothesesinda
formula F andmeanghat F' is derivablefrom A.
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method: Tel | CS( CS)
premises
conclusions | © L2
'S-constrai nt (¢,CS) AND
appl.cond var -i n(c) AND
tell (L2,CS)
proofschema L2. A,C F ¢ (soleCsS;L1)

Tel | CS hastheconstrainsolver CS asa parameterTheapplica-
tionof Tel | CSworksonagoalc thatis aconstraintsWhenthecon-
clusionof Tel | CS is matchedwith the currentplanningstate,c is
boundto this goal. This is indicatedby the ©-annotatiorof the con-
clusionL2 which indicatesthat the planninggoal is removed from
theplanningstatewhenTel | CS is applied.The methodintroduces
no new subgoalssinceis hasno @-premisesAn methodis applied
only if the applicationcondition, appl-cond evaluatesto true. The
applicationconditionof Tel | CS saysthatthe methodis applicable,
if thefollowing conditionsarefulfilled. Firstly, the opengoalthatis
matchedwith thec in line L2 of Tel | CS hasto bea constraintj.e.
aformulaof the constraintanguageof the constraintsolver thatin-
stantiate<CS. Secondlythe goalshouldcontainatleastoneproblem
variablewhosevalueis restrictedby ¢. Last but not least,the con-
straintgoal mustbe consistenwith the constraintsaccumulatedy
CS sofar. Thelatteris checledby t el | (L2, CS) . Theconstraint
solver is accessedia thet el | function which evaluatesto true
if CS doesnot find an inconsisteng of the instantiatedc with the
constraintaccumulategofar.

The proof schemaf Tel | CSis introducednto the partial proof
planwhenTel | CSis expandedFurtherexpansionconstructslog-
ical derivation of the constraint.

In orderto restrictthe searchspacejn proof planningthe instan-
tiation of existentially quantifiedvariablesby aterm¢ is delayedas
long aspossible A problemvariableis introducedasa placeholder
insteadanda constraintsolver incrementallyrestrictsthe admissible
valuesof ¢.

4 NEW REQUIREMENTS

For asafeandappropriaténtegrationof constraintsolvinginto proof
planningseveralrequirement$ave to be satisfied We shalldescribe
belov theextensionghatarecausedy thefollowing peculiaritiesn
proof planning:

Synchronization with proof planning Whenbacktrackingakes
placein proofplanning,constraintsnight have to bewithdravn from
the collection of constraints,i.e. the set of constraintsis reduced
again.Therefore,a synchronizatiorbetweenthe proof plannerand
constrainsolver is needed.

Sincein the planningprocesaot every variableoccursin the se-
guentsof theinitial state the setof problemvariablesmaybe grow-
ing. In particular proof planningmethodsmay introducenew aux-
iliary variablesthatare not containedin the original problem.Typ-
ically, the setof constraintss incrementallygronving andreachesa
stablestateat the end of the planningprocessonly. Therefore,dy-
namicconstraintsolving[12] is needed.

Logical correctness Several proof planning methodsremove
quantifiersfrom goalsor assumptionsWhenthesemethodsare (re-
cursively) expandedo theND-level, thethenintroduced\D-rulesVI
and3E * mustobey the Eigervariableconditionof the ND-calculus
in order be a correctproof steps.This condition requiresthat the

4 AFFla/z]
thesearethe rulesVI ATV P and3E

mustnotoccurin ary formulain A U {F, G}.

AkF3z.F AA,F[a/z]I—G’ wherea
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new (Eigen)ariableintroducedby the rule occursneitherin ary of
the hypothese®f the sequennor in the formulaitself. Sinceproof
planningusesplace holdersfor termsthat are not yet known, the
Eigervariableconditionhasto be extendedto the occurrencén the
eventualinstantiationsof the problemvariables.Consequentlythe
searchhasto take into accounthe Eigervariableconstraints.

Moreover, logical correctnessequiresto take into consideration
the hypothesed? of a constraintin proof planninga constraintoc-
cursin a sequenfA F ¢) that consistsof a set A of hypotheses
and a constraintformula c. The hypothesegrovide the context of
a constraintand mustbe taken into accountin the accumulatiorof
constraints We refer to a constrainttogetherwith its contet asa
constaint sequentAn importantpeculiarityof proof planningis the
factthatcertainproblemvariablesmight occurin differentcontexts.
For instancethecontexts A U {X = a} andA U {X # a} result
from introducinga casespliton (X = a V X # a) into a proof
plan, where A is the setof hypothesesn the precedingplan step.
Whena new constraintsequenfA U {X = a} F ¢ is processedhe
consisteng of ¢ hasto bechecledwith respecto all constraintsvith
acontet @ whichis asubsebf A U{X = a}.

Symbolic rewriting  Proof planning hasto processconstraints
suchasE; < ¢/(2.0 - M). Their termsmay containnamesof el-
ementsof a certaindomain(e.g.,2.0) aswell asvariables(e.g., M
andE;), andsymbolicconstantge.g.,e). This meansasopposedo
systemghathandlepurely“numeric” constraintsthe constraintep-
resentatiorandinferenceneedgo includenumericandnon-numeric
(“symbolic”) termsto be appropriatefor proof planning.In the fol-
lowing, “numeric” indicatesthat an elementof a particulardomain
is involvedin aterm,inference,or valueevenif the elementsf the
domainarenotnumbers.

For the constraintrepresentatiorthis means,e.g., that a unique
lower or upperboundfor a problemvariable cannotalways be de-
termined,e.g.,the problemvariable D in a plan for LIM+ hasthe
upperboundsd; andds which cannotbereplacedy auniquebound
unlesghefunctionmin is emplo/ed. Thesearchalgorithmhasto be
extendedo find symbolicwitnessegoo.

5 CONSTRAINT SOLVING FOR PROOF
PLANNING

No off-the-shelfconstrainsolver satisfiesall of theabose mentioned
requirementsindthereforewe hadto developanextendedconstraint
solverthatcanbe safelyintegratedinto proof planning.

5.1 Extensionsof Constraint Solving

Constraint Inference Theextendedsolverneeddo integrateboth,
numeric and symbolic inferencemechanismsOne algorithm effi-
ciently testsa setof constraintdor inconsistencieby inspectingand
handlingthe numericboundsof variables We referto this algorithm
asnumericinference A secondalgorithm, for symbolicinference
usesterm rewrite rulesto simplify the symbolic representatiorof
constraintsand constraintsimplification rulesto transforma set of
constraintsnto a satisfiabilityequivalentwhich is in anormalform.

For the combinationof numeric and symbolic inferencetech-
niguesthe constraintrepresentatiomf a purely numericconstraint
solver hasto be extendedbecaus®therwiseuniqueboundsof prob-
lem variablescannotbe determinedn somecases.

Context Trees Contet treesconsistof nodesthe context nodes
Eachsuchnode Ns consistsof aset® of hypothesegthe context)
andasetSs = {c| A F cis constrainandA C ®}. A contet tree
is a conjunctie treerepresentinghe conjunctionof all constraints
storedin the nodes.Figure 1 shaws the structureof sucha context
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Figurel. A Contet Treewith nodeannotations
tree. The root nodeis annotatedvith the emptycontext { }. A di-
rectededgefrom anodeNa to achild N} impliesA C ®. A subtree
Ts of acontet treeconsistof all nodeswith acontext ¥ for which
® C ¥ holds.

The consisteng of a new constraint(A F ¢) hasto be checled
wrt. theconstrainsetsSs with A C ®. Theconstrainsolver checks
consisteng with the setsSs in theleaf nodesonly becausehe sets
of constraintgrow from theroot nodeto the leaves.In otherwords
A C ® impliesSa C Ss. If aninconsisteng occursin atleastone
leaf, the constraint{A F c¢) is notacceptedy the constraintsolver.
Otherwise¢ is addedto all setsSs in thesubtre€l'a .

Whena constraint(A + ¢) hasto bewithdravn becausef back-
trackingin proofplanningc is removedfrom all nodesn thesubtree
T'a. Emptycontext nodesareremovedfrom thetree.

Search for Witnesses The constraintsolver searchedor a so-
lution, i.e. witnessedor the problemvariablesthat satisfy all con-
straints.Sincethe context treeis a conjunctve treewitnessef the
problemvariableshave to satisfyall constraintsn the context treeif
therespectie context is satisfied The searcHor withesse®f shaed
variables i.e.thosewhich occurin differentcontexts hasto take into
accountall constraintsof thesevariables.Therefore the constraint
solver creates singlesearchspacewith all constraintfrom theleaf
nodesj.e.thesetS = Ui S, , atthebeginningof thesearctprocess

The searchalgorithmusesnumericinferenceand symbolicinfer-
enceto transformthe constraintsnto anormalform, to detectincon-
sistenciessearly aspossible andto computeaninterval constraint
maz(L) < X < min(U) for every problemvariable X. Here,
L(U) is alist whosefirst elements the numericlower(upperbound
I(u) and the rest of L(U) consistsof the symbolic lower(upper)
bounds.An elementis droppedfrom a boundlist assoonasit is
foundto be not maximal (minimal). Eventually the maximallower
boundmaz (L) andthe minimal upperboundmin(U) areusedto
computea witnessfor X. The searchalgorithm mustnot compute
witnesseswhich contain Eigervariablesof the respectie problem
variable.

5.2 Implementation

The constraint solver CoSZE (Constraint Solver for Znequa-
lites and £quations over the field of real numbers)is imple-
mentedin the concurrentconstraintprogramminganguageMozart
Oz [14]. CoSZ¢E’s constraintlanguageconsistsof nonlineararith-
metic (in)equality constraintover the real numbersj.e. constraints
with oneof therelations<,<,=,>, and>. Termsin formulasof this
languageare built from real numbers symbolic constantsand vari-
ablesandthefunctionsymbols+,—,-, and/. Termsmayalsocontain
groundtermswhich containuninterpretedalien) function symbols.
For instance,| f'(a)| is a groundterm containingthe two uninter
pretedfunctionsymbols|.| andf’. CoSZE handleshesealienterms
by variableabstractiorsimilar to [13]. Alien termsaretemporarily
replacedy constrainvariableswhosevaluecannotberestricted.
CoSZE builds a contet tree whose nodes are computation
spaceq16] annotatedvith contexts. A computationspaceis an ab-

E. Melis, J. Zimmer and T. M ller



stractdatatypein MozartOz thatencapsulatedata,e.g.,constraints
andary kind of computationincluding constraintinference.After

constraintinferencehas reacheda fix-point, a computationspace
may have variousstatesthe spaceis failed (i.e. the constraintsare
inconsistent)all propagatorsyanishedsincethey arerepresentethy

the basic constraintsin the constraintstore, or the spacecontains
disjunctionsj.e. constraintinferencewill proceedn differentdirec-

tions.

Whenanew constrain(A + ¢) is sentto thesolver by Tel | CS,
it hasto be addedto certaincomputationspacesn the context tree.
Therefore,a new computatiorspaces. containinge only is created
andmemgedwith all computatiorspacesn theleaf nodesof the sub-
tree Ta. In eachof thesecomputationspacesthe symbolicinfer-
enceprocedurdriesto simplify constraintsandto detectnon-trivial
inconsistenciesPropagationi.e. numericinference,is triggeredby
thesymbolicinferenceprocedureasdescribedn the next paragraph.
Whena fix-point is reachedn numericandsymbolicinference the
resultingcomputatiorspaces asledfor its stateIf noinconsisteng
is detected: is insertedinto every computatiorspaceof the subtree
Ta by meming with the spaces..

{1<=X, X<Y, X+Y=2Z}

symbolic inference

first-class propagators

numeric inference

constraint store

Figure2. Combiningsymbolicandnumericinference

Symbolic and Numeric Constraint Inference In CoSZE, nu-
mericinferences basednreal-intenal constraintsupportedy the
RI-modulewith Mozart. Variables(for shortRI-variableg arecon-
strainedwith intervals of real numbers.As an extension,now the
RI-moduleprovidesfirst-classpropagator$15] for all relationsand
functionsfrom CoSZE’s constrainianguageA first-classpropaga-
toris anabstractiatatype.Becausef beingfirst-classsucha propa-
gatorcanbeinspectedanddiscardede.g.,by thesymbolicinference
procedureandat the sametime work on the constraintstorein the
usualway.

Theconcurrentombinationof symbolicandnumericinferences
basedon asharedrepresentationf constraintsandby thefirst-class
propagatorsEvery variableand every symbolic constantoccurring
in aconstrainiprocessedy CoSZE is connectedo a corresponding
Rl-variable. Therelationandeachnon-alienfunction of a constraint
is connectedo its first-classpropagatoin the RI-module.

Figure 2 illustratesthe combinationof symbolicandnumericin-
ferencelt shavs CoSZE’s connectionof the constraintl < X A
X <Y AX+Y = Z tothefirst-classpropagatorandthe RI-
variablesfor X, Y, andZ.

The symbolic inference procedureapplies (conditional) term
rewrite rules and constraintsimplification rules from the theory of
real numbersto (symbolic) constraintsn orderto transformthese
constraintsnto anequialentnormalform. Sincethe symbolicinfer-
encechangeghe term structureof constraintsijt directly influences
thecorrespondindirst-classpropagatorsit startsor terminatedirst-
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classpropagatorgonnectedo therelationsandnon-alienfunctions
of thetermschangedy theapplicationof rewrite andconstrainsim-
plification rules.Oneof therewrite rulesusedby CoSZ¢ is thefol-
lowing:

(t1-t2)/(t1-ts) ta/ts 1)

When the symbolic inferenceprocedurereceves, for instance the
constraina > 0A E < (a-€)/(a- M), it createsiew Rl-variables
for E, M, ¢, anda (in casethey do not exist yet) andcomputesiev
first-clasropagatorfor therelation< andfor all occurrencesf the
functions/ and-. Therule (1) is applied.to theterm(a - €) /(a - M),
which is transformedo the normalform e/M . Thus,the first-class
propagatorgor - in (a - €) and(a - M) areterminated.

Search The searchprocedurestartswith an initial computation
spaceS and checksrecursvely for S and every new computation
spacewhetherit is failedor containsa solution.In eachcomputation
space propagatiorrestrictsthe domainsof the variables Addition-
ally, thesymbolicinferenceappliestermrewrite rulesandconstraint
simplificationrules.Oneof the simplificationrulesis

(X < t1) A (X < t2) = X < min{tl,tz},

[t1 >0 =

wherethet; arearithmetictermsand X is a problemvariable.

6 RESULTS

QMEGA’sproofplannertogethemwith theintegratedconstrainsolver
CoSZE canfind proof plansfor mary theoremsgxamples,and ex-

ercisesfrom two chapterof the introductoryanalysistextbook [2].

The extendedconstraintsolver allows for a correctproof planning
includingplanningproofswith a casesplit.

Example A proof that requiresa casesplit is, e.g.,the proof of
the theoremContlfDeri. This theoremstatesthat if a function f:
IR — IR hasaderiative f'(a) atapointa € IR, thenit is continuous
in a. Its formalizationincludestheassumption

OFVer(er >0 — 361(61 > 0 = (Vo1 (Jz1 — a| < d1 — ((z1 # a) —

(1 L2L=1e)  p(a)) < e1))))))
andthe planninggoaP
OF Ve(e >0 — 36(6 >0 — (Va(lz — a| <6 = |f(z) — f(a)| < €))))

The proof planner passeghe following constraintsequentsto
CoSZE:

AFO0O< E; AFO0<d
A+FD< 4, A(X1#a)FO< M
A (X1 #a)F0< M A, (Xy #a)F D<M
A, (X1 #£a)F|f(a)] < M A, (X1 #£a)FDZ ef(4- M)
A X175a |—E1<€ﬂ2 M) A Xl—a I—Xl—a:,

whereA consistf the proof assumptiorandthe constraintg) < e
and0 < D. The problemvariablesD, X, and E; correspond
to 6,z1, ande; in the formalization of the problem. M and M’
are auxiliary variablesintroducedby a planning methodfor com-
plex estimationsThe two brancheof the context tree correspond
to the branchef the proof plan that originatefrom a casesplit on
(X1 =a V X1 7é )

At theendof the planningprocessCoSZ& computeghe follow-
ing answerconstraint:

0<E;1 N0<d ND<éd1 A

(X1#2a — O0O<MAD<LMA
0< M A|f'(a)] <M A
E,<e€/(2-M) A
D<e/(4-M))) A

(X1=a — Xi=u=z)).

Thesearchproceduref CoSZE computeshefollowing witnesses
for the problemvariablesof ContlfDeriv:

5 In thisformalizationthedefinitionsof limit andderivative have alreadybeen
expanded.
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X: =z, M = (|f'(a)| + 1), D = min{é1, ﬁ}, M =D,
1= 557
Thesewitnessesatisfythe Eigervariableconditions.

7 CONCLUSION AND RELATED WORK

Theintegrationof constraintsolvinginto proof planningcausesen
requirementgor constraintsolvingthatarenot typically fulfilled by
standaratonstrainsolvers.Thereforeywe have addressedenericex-
tensionsof a standarcconstraintsolver. The programminganguage
MozartOz is well-suitedfor theseextensions.

RelatedWork Sol eX[13] providesmeangor combiningnumer
ical and symbolicinferencein a sequentiamanner It supportsthe
extensionof the constrainianguageof an existing constraintsolver
whose soundnesand completenespropertiesare presered. We
have adoptedhe Sol eX approacho handlealientermsin the con-
straintlanguageof CoSZE. Few systemssystemsfor instancg19],
tightly integrateconstraintsolving into theoremproving ratherthan
integratinganexternal,stand-aloneonstrainsolver. And, of course,
noneof themdoesproof planning.

Recentlythe ELF-groupstartedto integrateconstraintmanipula-
tion into logical framewvorks basedon theresultsin [20]

The constraintlogic programminglanguageCAL [1] usescon-
straintcontexts to handleguardectlauses.

Our previouswork [11] mainly dealtwith theinterfaceandtheac-
tual integration of a constraintsolver into proof planning.We also
investigatedhe simplificationandguidancesuchanintegrationcan
provide for proof planning[10]. We knew thatadditionalfeaturesof
the constraintsolver would have to guaranteee.g.,the correctness
of the expansionbut did not elaborateon this nor implementechary
extensionspreviously. A moredetaileddescriptionof the work pre-
sentedn this papercanbefoundin [21].
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