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Abstract. TD() is analgorithmthatlearnsthe valuefunction as-
sociatedo a policy in a Markov DecisionProces§{MDP). We pro-
posein this paperanasymptotiapproximatiorof online TD(\) with
accumulatingeligibility trace,calledATD(X). We thenusethe Ordi-
nary Differential Equation(ODE) methodto analyseATD(\) andto
optimizethechoiceof the A parameteandthelearningstepsizeand
we introduceATD, a new efficient temporaldifferencelearningal-
gorithm.

1 INTRODUCTION

The TD()) algorithmfor learningthe valuefunction of a given pol-
icy is surelyoneof the mostimportantresultsthatthereinforcement
learningmethodologyhasproducedn thedomainof sequentiatieci-
sionproblemsunderuncertainty{12]. The TD(X) learningruleis the
coreof mostof the existing reinforcementearningalgorithms,and
is alsonow usedin orderto improve andto extendtherangeof appli-
cability of classicaktochastidynamicprogrammingalgorithmg[2].

The convergencepropertiesof TD(\) have beendeeplystudied
and are nov well established4, 2]. Surprisingly very few works
(se€[9]) have beenconcernedvith theanalysisof theeffectsof the A
parametechoiceontherateof convergenceof TD()\), whichappears
to be in practicean importantand difficult question[2, pages200-
201].

Anotherimportantpoint concerningTD()) is relative to the com-
putationalcost of the updateprocess.Classicalonline implemen-
tations, basedon eligibility tracesfor look-up table representa-
tions [10], have an updatecompleity boundedby the size of the
state-spaceyhich canbetoo muchhigh. Despiteseveralattemptgo
solwe that problem([3, 15], thereis still a needfor gettingnew in-
sightsinto the part playedby the multiple stateevaluationupdatein
theefficiencgy of TD(X).

In this paper we proposean original approachor tacklingthese
two questionsby consideringanasymptoticapproximatiorof online
TD(A) basednaccumulatingeligibility tracesTwo mainresultsare
presentedrirst,anew algorithmcalledATD(A) is introducedwhich
is asymptoticallyequivalentto TD(A), but with a smallconstantup-
datecompleity per iteration (section3). Secondly by considering
the ordinary differentialequation(ODE) method,we proposea cri-
terionfor optimizing ATD(X) asa function of the stepsizeandthe
parametei\. Solvingthis optimizationproblemled usto a new effi-
cientalgorithmcalled ATD, which appeardo be very similar to an
average-revard variantof TD(\) asrecentlypresentedn [13] (sec-
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tion 4). The experimentalstudy we conductedconfirmsthe sound-
nessof the criterionandthe optimalbehaiour of ATD (section5).

2 TEMPORAL DIFFERENCE LEARNING
ALGORITHMS

Like most of the reinforcementlearning algorithms, TD(A) can
be describedwithin the framavork of Markov DecisionProcesses
(MDP). The standardstationnaryinfinite-horizon MDP model we
considerhere[8] is definedby a finite statespaceS of sizens and
afinite actionspaceA, by a markovian dynamicon S characterized
by the transitionprobabilitiesp(s’|s, a) of maving from s to s’ by
applyingthe actiona atary instantt € N, andby thelocal reward
functionsr(s, a, s') € R associatedo eachtransition(s, a, s").

A policy, or decisionrule, is afunctionw : S — A thatassigns
anactiona = m(s) to ary possiblestates. Givenaninitial statesy,
following apolicy 7 definesasetof possiblerajectoriessg — s1 —
-4+ = 8y ..., with theprobabilitiesp(s;+1 | si, 7(s;)). To eachof
thesetrajectoriesis alsoassociatec reward sequencey — r1 —
T, With g = (s, 7(85), Si41)-

The optimizationproblemassociatedo a MDP is to searchfor a
policy 7 thatmaximizesfor ary initial statea valuefunctiondefined
asa measureof the expectedsumof the rewardsr; alonga trajec-
tory. The mostcommonoptimality criterionfor stationnaryinfinite-
horizonMDP correspondso the discountedvaluefunction from S
toR:

o0
Vso V7(s0) = E[>_ v'r(ss,m(s:), sit1)];
=0
wherethe discountfactor0 < v < 1 is a coeficient dependingon
theapplicationdomain.

TheTD(A) method[12] learnsanestimationof the valuefunction
V7™ of apolicy = from the obsenation of trajectoriesof the process
obtainedby following 7. Maintainingan estimationof the transition
probabilitiesp(s’ | s, w(s)) is not requiredandthusthe methodis
well adaptedor unknavn andlarge Markov DecisionProcesses.

For the discountedvalue function, the potentially infinite length
of the trajectoriedeadsto retainamongthe differentvariantsof the
TD(A) method(see[12][2, sec.5.3.3]) the onesbasedon eligibility
tracesandonline updatesof the value function V™ [11]. The prin-
ciple of thesealgorithmsconsistsin updatingafter eachobsered
transition(sn, sn+1, 7») theestimatedzaluefunctionV,, by

Vs €S Vpt1(s) « Va(s) + an(s)zn(s)dn 1)

whereV,, is the currentestimationof thevaluefunction V™ attime
N, dn = T + YVa(8nt+1) — Va(sn) is thetemporaldifferenceerror



term, ., (s) is the stepsizeand z,, (s) is the eligibility tracevector
(of dimensionns).

The classicalaccumulatingeligibility traceis iteratively updated
accordingo
Vs€S z_1(s)=0,andforn >0

if s # sn,

if s =sn,.

YAZn—1(8)

YAzn—1(s) + 1 @

zn(8) {
Hencegligibility tracesdecayexponentiallyaccordingo theproduct
of aparameten andthediscountfactory, with yA < 1, andwhena
stateis visited, its traceis increasedy 1.

It hasbeenshawvn that this algorithm convergeswith probability
1 to thevaluefunction V™ undersomegenerakuitableassumptions
onthe stepsizesy, (s) andonthe Markov chain{s, } definedby =
[2].

With respecto the numberof transitionsrequiredto converge, in-
termediateor large valuesof A seemto work best,but with a strong
dependenconthechoiceof the stepsizeNeverthelessupdatecosts
of V,, andz, areproportionalto the sizeof S for A > 0: for large
statespaceproblems practicalimplementationsnustlimit the num-
berof statego beupdatedpr try to groupandpostponaipdatesuntil
they arereally needed3, 15]

3 THE ATD()) ALGORITHM

This sectionis dedicatedto the analysisof the asymptoticaverage
behaiour of theaccumulatingracez, (s) whenn — oo, in orderto

definean asymptoticapproximationof online TD()). In the follow-

ing we denoteby P thetransitionprobability matrix of the Markov

chaindefinedon S by the policy =, with P; o+ = p(s' | s,7(s)).

We assumehat P definesarecurrentaperiodicirreductibleMarkov

chain,andthereforehasa uniqueinvariantdistribution vectory > 0.

Let M be the diagonalmatrix of diagonalcoefcients u(s), and
P* =limn,o P" = UM with Vs, s’ Us o = 1. Finally, we define
therewardvectorR by Vs € S, R(s) = >,/ Ps s 7(s,7(s), ).

3.1 Asymptotic accumulatingtrace

Let us considera trajectorysg — s1 — --- — s, ... obtainedby

thesimulationof thepolicy 7 from theinitial stateso. In thefollow-

ing propositionwe give the asymptoticexpectationof the accumu-
lating tracevectoron this trajectory

Proposition1 (asymptotiaverage accumulatingrace)

— 0 _ M)
Bl(s)] = lim Blan(s)] = 7225 @)
Proof: (sketch)We definethefollowing arriving times:

{ To(s) = inf {n > 0/s, = s}
Vp>0: Tp(s)=inf{n>Tp_1(s)/sn =s}.

VseS:

We know thenthatfor arecurrentrreductibleMarkov chain,andfor

p > 1, theinterarrival timesT),(s) — Tp—1(s) areindependenand
identically distributedrandomvariableswith E[T1(s) — To(s)] =

%, and are independentof Tyo(s). SinceVs € S, Tnh(s) =

(Tn(s) = Tn-1(9)) + -+ - + (Ta(s) — To(s)) + To(s), Tu(s) isa

delayedrenaval procesg7]. It is easyto shaw thattheaccumulating
trace(2) canbewritten as

n

zn(s) = Z(’YA)niTP(S)]lTP(s)Sn7

p=0
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k=n [eS]
andthusE[z(s)] = Y (YN > P(Ty(s) = k).

k=0 p=0
From this last relation, we apply the Blackwell’s renavall theo-
rem[7] thatestablishesheformula. O

As we see the asymptoticexpectationof thetraceis equalto the
productof the factor ﬁ andthe invariantdistribution vector of
the Markov chain.This formulaallows usto interprettherole of the
tracez, (s) in theupdaterule (1) asa gainthatasymptoticallyandin
averageputsmorecreditto stateghatoccurmorefrequently

Propositionl establisheghat the trace z, (s) is a randomvari-
able of meanequalto 1"_(?/\ whenn — oco. We canalso consider
the asymptoticexpectationof thetraceat time n conditionedon the

currentstates,,, which canbedefinedfrom (2) and(3) by

sy = ] oxu(s) if s # sn,
Zn(s) = { xp(s) +1 if s=sn.
with x = Z);)\

3.2 Averageasymptotic TD(A)

We proposein this paperto substitutein the TD(A) updaterule (1)
the tracefactor z,, (s) by its asymptoticaveragevalue z, (s). That
definesanew algorithmcalledATD()\) thatcanbe written in vector
notation

Vi1 < Vi + AT D,,. (4

Here,D,, is thetemporaldifferenceerrorvector

0
D, = dn < Sn,
0

A, isthediagonalstepsizematrix

an(s1)
A, =
an(sn)
andI® theeligibility matrix
| I
F=I+x| p ... p |=I+xMU.
| I

ATD()\) hasthesameconvergencepropertiesasTD()). Neverthe-
less,a directimplementationof this updaterule (4) would have a
compleity similarto TD(A), proportionalto ns. Fortunately under
a simple assumptioron the stepsizesy,, (s), thereexists an equiv-
alentexpressionof (4) thatrequiresa small numberof updatesper
iteration,independantf the numberof statesn S.

Proposition2 (ATD(A))

We assumethat Vn, s a,(s) = apa(s), with a,,a(s) > 0,
Y, an = +ooand) an’ < +oo. Let A bethe diagonal ma-
trix of thea(s) coeficients,and A,, = a, A. Then,

(i) V;, corvergeswith probability 1to V'™ ;
(i) Vi, = W, + xAppn, whee W, is a new relativevaluefunction
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on S and p,, a scalingfactor, that can be both updatedafter each
transitionby

Wn+1 (Sn) < Wn(sn) + ana(sn)dna
P+l & pn+andn,
with d,, Tn + YV ($nt+1) — Va(sn)

Tn + YWa(Sn+1) — Wa(sn)
+xpn(va(sn1)p(snt+1) — a(sn)p(sn))-

Proof: (i) (sketch)Let X,, = (sn,Sn+1,7n). (4) canbe written
Vi1 = Vo + an(B(Xn)Ve + b(X,)) where B(X,) is a
ns X ms matrix, andb(X,) avectorin R*s. Let B andb be the
expectedvaluesof B(X,) andb(X, ) with respecto the invariant
distribution 4. We have B = AM(yP — I + (y — 1)xP*) and
b= AM(I + xP*R). SincetheboundedseriesB (X, ) andb(X)
corverge exponentiallyfastto B andb, and B is negative definite,
we can apply the proposition4.8 in [2, sec.4.4.1] that establishes
the corvergenceof V,, to V™ which is the unique solution V' of
BV +b=0.

(i) Wehave V41 = Vo, + A T°D,

n—1 n—1
= > ADp+xARY  opdy.
p=0 p=0

The proposition is established by defining the two series

n—1 n—1
pn = apd, andW, = > A,D,. O
p=0 p=0

In orderto calculatethe errortermd,,, the steadystateprobabili-
tiesu(s) areneededThey canbeestimatednlineby
Ny (s)

Vs p(s) ~ n

whereN, (s) is thenumberof visits of states attimen.

This ATD(A) algorithmis particularlyinterestingbecausét only
requires3 updategertransition(W, (s ), p» andN, (s,)) andthus
canbe really fasterthan the original algorithm (4). Hence,asit is
an asymptoticapproximationof the TD(A) algorithm (1), one can
expectfrom ATD(]) the corvergenceefficiengy of TD(A) for A > 0,
with thelower computationatostof TD(0).

4 ATD: OPTIMIZING ATD())
TheasymptoticapproximationATD() of TD(A)
Voat1 < Vi + A, T*D,,.

corresponds$o a gainmatrix variantof the basicTD(0) algorithm
1
Vn+1 — Vn + ﬁDn

The use of a gain matrix in orderto guide and acceleratehe
corvergenceof a stochasti@daptve algorithmis a classicresultin
stochasti@approximatiortheory[1, 6]. Our objective in this section
is to comparehe ATD(\) gainmatrix with the optimaloneprovided
by the ordinarydifferentialequation(ODE) method,andto optimize
thea, (s) andX choiceshy minimizingthedifferencebetweerthem.
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4.1 Optimal gain matrix for TD(0)

The ODE methodproposessomeanalytic tools for analysingand
optimizingthe cornvergenceof the generaktochastialgorithm

Ont1 < 6, + %H(aan)

whereé,, is the parametervector and X,, the input randomvector
thatbringssomeinformationon 6,, attime n. Classicreinforcement
learningalgorithmslike Q-Learningor TD(A) canbe analysedwith
the ODE method[2, 6, 5].

As ATD(A) appeargo a be a gain matrix variantof TD(0), it is
naturalto comparethe correspondinggain matrix A,T'* with the
optimal gain matrix for TD(0) that can be derived from the ODE
theory

FortheTD(0) algorithm,wehave 8, = V,,, X, = (Sn, Sn+1,7n)
and H(6,,X,) = D,. We know that V,, — V™ and the opti-
mal gain matrix is the one that minimizesthe asymptoticvariance
lim, oo || Vi V™ ||2. It is definedoy

I =—hy(V")™!
wherehy is thejacobianmatrix of thefunction
MV) = lim By(H(V, X))
= M(R+~PV -V)

We obtainhy (V™) = M(yP — I). SinceM > 0and0 < vy < 1,
theinverseof M (yP — I) existsandwe have

(s,s') = (I—~P)'M"

= p(ls’) (kz_o'ykPk(sk =5'|sg = s)) .

Notethatthe modified TD(0) updaterule obtainedoy considering
the optimal gainmatrix

1.
Vagt ¢ Vo + =T Dy

cannotbeimplementedn practicebecaus¢hematrix P is unknavn,
andtheestimatiorof theinverseof (I —~P) ™! mightbevery costly

4.2 The ATD algorithm

We considerthe caseA,, T = %FA,Q andwe proposeto optimize
the choiceof a(s) and\ by minimizingthenorm|| I'x o — '™ ||2
of the differencebetweenthe matrix gainT',,» andI'*. Dueto the
compleity of theglobalminimizationproblem

min/\,a(s) ” Pz\,a -r ||2,

we only consideredhe optimizationof the A parametefor different
stepsizalefinitions A,,. The bestresultswereobtainedfor v, (s) =
>ty thatis A, = LM~ In that casethe minimization of the
criterion|| M~'T* — T'* ||» leadsto theoptimal y value

1 . 1
Xopt = n_SQ(ZFs,s’ - Z m)

8,8’ s

andX,py = e,
7 1+Xopt . .
For mary simulatedproblems(seesection5) this Aop: Valuewas
very closeto 1, asit is theoreticallythe caseif theinvariantdistribu-

tion is uniform: Vs u(s) = % For thatreasonwe introduceATD
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asthenew algorithmdefinedfrom ATD() by thechoices\ = 1 and
Vn, san(s) = £ -1

Note that for dlfzerent stepsizesthe optimal A values can of
coursebe different.For instancethe choicea, (s) = }L leadsto an
optimalvaluesp; = %

From proposition(2), it is possibleto implementefficiently ATD
with the two updateruleson W,, and p,. This factoredalgorithm
hassomespecificpropertiesdescribedn the following proposition
(e standdor thevectorwith all componentgqualto 1).

Proposition3 (ATD)
(i) ATD canbeimplementedby

_ g
Voo = Wp+ I _’ypne,
With Wais(sn) ¢ Wa(sn) + ~——d
n+1\Sn n\Sn — 0\ Yn,
" n p(sn)
1
Pnt+1 &~ pnt Edn:
andd, = —vpn + YWh(snt+1) — Wa(sn).

(il) (Wh, pn) corvemgesin probability1to (W™, p™) suh thatV™ =
W7 + 72 p"e is thediscountedraluefunctionof the policy «, and
p" its average gain:

n—1
. 1
b —JLH;OE[EZ“]'

Proof: (i) SinceVn, sa, = £ anda(s) = %) proposition(2) es-
tablishesthatVn = Wn + xAppr. Thenwe notethatVs y Au(s) =
X —1-u(s) = L, and

1—vy M(s)

dn = Tt 'YVn(sn+1) - Vn (sn)

ol gl
Tn + 7Wn(3n+1) + mﬂn - Wn(sn) - mpn

Tn + YWa(8n+1) — Wa(sn) — Ypn-

(i) (sketch) We first shav by induction that Vnp, =
> 1(8)Wi(s). Indeed,

1
Pn+1 = pn+ Edn

> u(s)Wals) + =
S HOWaia(s) = ulsu) rsde) + e
> () Wi (s)-

It follows that the W, iteration can be made independanton
prn and, similarly to the proof of proposition(2), can be written
Wat1 = Wa+ 2 (B(Xn)Wa+b(X,)). Wethenshaw that B(X,)
andb(X,,) corvergeexponentiallyfastto thenegative definitematrix
B =P — I — yPx andb = R. ThusW,, convergesw.p.1to the
uniquesolutionW™ of (I —yP +~P*)W™ = R. By multiplicating
both sidesby P*, andfrom therelationsP*P = PP* = P*, we
obtainP*W™ = P*R.

Since pn = X, p(s)Wa(s), we hae p, = p" with
P = Y, u(s)WT(s), and from P"W™ = PR,
p" = >, n(s)R(s), which is an equivalent definition of the
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averagegain of the policy w. Thenfrom (i) andproposition(2), V,,
corvergesw.p.1to V" = W™ + Z-p"e. O

Surprisingly one cannotethatthe ATD algorithmthat hasbeen
definedfor v < 1 candirectly be extendedto thelimit casey = 1.
Indeed the new updateruleson p,, andW,, with d,, = r,, — pn +
Wi (sn+1)— W, (s, ) exactly correspondo theaveragecosttempo-
ral differencelearningalgorithmrecentlyproposedy Tsitsiklis and
Van Roy in orderto learnthe bias-\alue function andthe average
gainof apolicy 7 [13]. HenceATD canbe seenasa bridgebetween
TD(A) algorithmsfor thediscountedexpectedcostproblemsandav-
eragecostTD(\) algorithmsfor theaveragecostperstageproblems.

5 SIMULATIONS

In order to analyseexperimentallythe quality of the asymptotic
approximationof TD(A) by ATD(A), the choice of the norm
[| Tx,o — '™ ||2 @asanevaluationof the pair (A, @), andfinally the
optimality of the ATD algorithm, we made some simulationson
randomlygeneratedarkov chainswith all components, ,» > 0,
and with randomstaterewards R(s) € [0, 1]. We implemented
TD(A), ATD(\) and ATD learning algorithms as describedin
previous sectionsby consideringa unique long trajectory on S.
All parametersvere |n|t|aIIy setto 0. The step5|zesw(s) were

estimatedonline by —=—. For eachproblem, V" andI'™* were
exactly calculatedandthreecrlterlawerecon5|deredthe gainerror
| T — T |2, the relative learning error W»="l2 along a
trajectory andthe total computationtime to achieve a 3% relative

learningerror.

We presentheresometypical resultsobtainedduring our simula-
tions.Figurel shavs thegainerrorof aMarkov chainwith 50 states
and~ = 0.7, asafunctionof A for two choicesof stepsizeAs we
cansee,the optimal A valuefor a,, (s) = w(s) is very closeto 1,

andleadsto a bettergainerror thanfor the choicea, (s) = m
(this stepsizevasretainedoecausd alsopresentednterestingprop-
erties).

On Figure 2, we plot the learningerror Y»—-"ll2 obtainedat
n = 50000 for differentA andax,(s) valueson the sameMarkov
chainthanin figure 1. The resultscorrespondo the meanvalues
of 100 differentruns. As we can seethe behaiors of TD(A) and
ATD() arevery similar, andthe experimentaloptimal A valuesare
very closeto the onetheoreticallyobtainedby minimizing the gain
error, asillustratedin figure 1.

Finally, we compareATD and differentsinstancesof TD(A) and
ATD(A) on figure 3, with respectto the computationtime (mean
value on 100 runs)requiredto geta learningerror equalto 3%, as
afunction of the sizeof the statespace The mainconclusionis that
ATD exhibits averygoodlearningbeha/iour with betterresultsthan
TD(X) for a, (s) = w(s) andX = 1, andthanTD(A) andATD(X)
for an(s) = W(lsn) and optimal A values,thesetwo algorithms
beingexperimentallyequivalent.Hence the constanhumberof up-
datesperiterationandthe optimalchoiceay, (s) = Wl(s) andx =1
allows usto definea very efficient new temporaldifferencelearning
algorithm.

6 CONCLUSION

In this paperwe have introducedATD(), an original asymptotic
approximationof online TD(A) basedon accumulatingeligibility
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trace.By minimizing the norm of the differencebetweenthe ma-
trix gain of ATD(A) and the optimal matrix gain correspondingo
TD(0), we have shawn that thereexists a stronginterplay between
the optimal X value andthe choiceof the stepsizeandthatthe pair
A=1,a.(s) = ) definesa new very efficient temporaldif-
ferencelearnmgalgont;wm calledATD, which canbe interpretedas
adiscountedrariantof theaveragegaintemporaldifferencdearning
algorithmrecentlypresentedn [13].

Our resultshave beenobtainedfor the accumulatingeligibility
trace.We alsoconsideredn a parallelwork the caseof the replac-
ing trace[10], but it wasno morepossibleto handleanalyticallythe
criterionminy q(s) || T'a,a — I [|2. We alsolimited our analysis
to stepsizeproportionalto % asit is assumedn the ODE method,
despitethe fact that the few interestingresultsalreadyknown on
corvergenceratesof TD()\) algorithmswere obtainedfor constant
stepsizegbut generalcorvergenceproofsonly exist for decreasing
stepsizes)Neverthelessye think that ATD, with its constanupdate
compleity andits optimal A value,is a very promisingandsimple
algorithm,and we intendin the future to compareit with efficient
approximatémplementation®f TD(A), like TTD [3]. Furthermore,
theprocessve followed hereto defineATD(A\) andATD canbealso
appliedto Q()\)-learning[14, 12], andwe intendto comparethese
forthcomingresultswith the efficientimplementatiorof Q(X) intro-
ducedby Wiering andSchmidhubef15].
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