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Abstract. TD( � ) is analgorithmthat learnsthevaluefunctionas-
sociatedto a policy in a Markov DecisionProcess(MDP). We pro-
posein thispaperanasymptoticapproximationof onlineTD( � ) with
accumulatingeligibility trace,calledATD( � ). WethenusetheOrdi-
naryDifferentialEquation(ODE) methodto analyseATD( � ) andto
optimizethechoiceof the � parameterandthelearningstepsize,and
we introduceATD, a new efficient temporaldifferencelearningal-
gorithm.

1 INTR ODUCTION

TheTD( � ) algorithmfor learningthevaluefunctionof a givenpol-
icy is surelyoneof themostimportantresultsthatthereinforcement
learningmethodologyhasproducedin thedomainof sequentialdeci-
sionproblemsunderuncertainty[12]. TheTD( � ) learningrule is the
coreof mostof the existing reinforcementlearningalgorithms,and
is alsonow usedin orderto improveandto extendtherangeof appli-
cability of classicalstochasticdynamicprogrammingalgorithms[2].

The convergencepropertiesof TD( � ) have beendeeplystudied
and are now well established[4, 2]. Surprisingly, very few works
(see[9]) havebeenconcernedwith theanalysisof theeffectsof the �
parameterchoiceontherateof convergenceof TD( � ), whichappears
to be in practicean importantanddifficult question[2, pages200-
201].

Anotherimportantpoint concerningTD( � ) is relative to thecom-
putationalcost of the updateprocess.Classicalonline implemen-
tations, basedon eligibility traces for look-up table representa-
tions [10], have an updatecomplexity boundedby the size of the
state-space,whichcanbetoomuchhigh.Despiteseveralattemptsto
solve that problem[3, 15], thereis still a needfor gettingnew in-
sightsinto thepartplayedby themultiple stateevaluationupdatein
theefficiency of TD( � ).

In this paper, we proposean original approachfor tackling these
two questions,by consideringanasymptoticapproximationof online
TD( � ) basedonaccumulatingeligibility traces.Two mainresultsare
presented.First,anew algorithmcalledATD( � ) is introduced,which
is asymptoticallyequivalentto TD( � ), but with a smallconstantup-
datecomplexity per iteration(section3). Secondly, by considering
theordinarydifferentialequation(ODE) method,we proposea cri-
terion for optimizing ATD( � ) asa functionof thestepsizesandthe
parameter� . Solvingthis optimizationproblemled usto a new effi-
cient algorithmcalledATD, which appearsto be very similar to an
average-reward variantof TD( � ) asrecentlypresentedin [13] (sec-�
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tion 4). The experimentalstudywe conductedconfirmsthe sound-
nessof thecriterionandtheoptimalbehaviour of ATD (section5).

2 TEMPORAL DIFFERENCE LEARNING
ALGORITHMS

Like most of the reinforcementlearning algorithms, TD( � ) can
be describedwithin the framework of Markov DecisionProcesses
(MDP). The standardstationnaryinfinite-horizonMDP model we
considerhere[8] is definedby a finite statespace� of size ��� and
a finite actionspace� , by a markovian dynamicon � characterized
by the transitionprobabilities�
	���
�� ������� of moving from � to ��
 by
applyingtheaction � at any instant ����� , andby the local reward
functions��	�������� � 
 �!�#" associatedto eachtransition 	�������� � 
 � .

A policy, or decisionrule, is a function $&%
�(')� thatassigns
anaction �+*,$-	��.� to any possiblestate� . Givenaninitial state��/ ,
following apolicy $ definesasetof possibletrajectories� / '0� � '121�1 '3��465�5�5 , with theprobabilities�
	��.798 � �:��7;��$<	���7���� . To eachof
thesetrajectoriesis alsoassociateda reward sequence�./='>� � '121�1 '?�.465�5�5 , with �.7�*@��	���7;��$<	���7��A�B�.798 � � .

Theoptimizationproblemassociatedto a MDP is to searchfor a
policy $ thatmaximizesfor any initial statea valuefunctiondefined
asa measureof the expectedsumof the rewards �.7 alonga trajec-
tory. Themostcommonoptimality criterionfor stationnaryinfinite-
horizonMDP correspondsto thediscountedvaluefunction from �
to " : C ��/EDGFH	��./��<*JILK MN 7POH/�Q 7 ��	��.7;��$<	���7��A� ��7P8 � ��RS�
wherethediscountfactor TVU QXWZY is a coefficient dependingon
theapplicationdomain.

TheTD( � ) method[12] learnsanestimationof thevaluefunctionD F of a policy $ from theobservationof trajectoriesof theprocess
obtainedby following $ . Maintaininganestimationof thetransition
probabilities�[	���
\�]����$<	��.��� is not requiredandthusthe methodis
well adaptedfor unknown andlargeMarkov DecisionProcesses.

For the discountedvalue function, the potentially infinite length
of the trajectoriesleadsto retainamongthedifferentvariantsof the
TD( � ) method(see[12][2, sec.5.3.3]) theonesbasedon eligibility
tracesandonline updatesof the valuefunction D F [11]. The prin-
ciple of thesealgorithmsconsistsin updatingafter eachobserved
transition 	���4�� ��4^8 � ���.4_� theestimatedvaluefunction D_4 byC �`�a�bD 4�8 � 	��.�dc0D 4 	��.��egf 4 	��.�;h 4 	��.�ji 4 (1)

where D 4 is thecurrentestimationof thevaluefunction D F at time� , ik4L*@�.46e Q D_4H	���4^8 � ��lmD_4n	���4�� is thetemporaldifferenceerror
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term, f 4 	��.� is the stepsizeand h 4 	��.� is the eligibility tracevector
(of dimension� � ).

Theclassicalaccumulatingeligibility trace is iteratively updated
accordingtoC �`�V�bh^p � 	��q�d*JT , andfor �srtThq4H	��.�dcvu Q �_h.4 p � 	��.� if �=w*&��4��Q �_h.4 p � 	��.�He Y if �x*&��4�5 (2)

Hence,eligibility tracesdecayexponentiallyaccordingto theproduct
of aparameter� andthediscountfactor Q , with Q � W(Y , andwhena
stateis visited,its traceis increasedby 1.

It hasbeenshown that this algorithmconvergeswith probability
1 to thevaluefunction D F undersomegeneralsuitableassumptions
on thestepsizesf 4 	��.� andon theMarkov chain yq� 4_z definedby $
[2].

With respectto thenumberof transitionsrequiredto converge,in-
termediateor largevaluesof � seemto work best,but with a strong
dependency on thechoiceof thestepsize.Nevertheless,updatecosts
of D_4 and hq4 areproportionalto the sizeof � for �t{|T : for large
statespaceproblems,practicalimplementationsmustlimit thenum-
berof statesto beupdated,or try to groupandpostponeupdatesuntil
they arereally needed[3, 15]

3 THE ATD( } ) ALGORITHM

This sectionis dedicatedto the analysisof the asymptoticaverage
behaviour of theaccumulatingtraceh.4n	��.� when �V'�~ , in orderto
defineanasymptoticapproximationof onlineTD( � ). In thefollow-
ing we denoteby � the transitionprobabilitymatrix of theMarkov
chaindefinedon � by the policy $ , with �[�A� �j��*��[	�� 
 �-����$<	��.��� .
We assumethat � definesa recurrentaperiodicirreductibleMarkov
chain,andthereforehasauniqueinvariantdistributionvector �s{tT .
Let � be the diagonalmatrix of diagonalcoeffcients �-	��.� , and���x*J�P�S��4^� M � 4 *&�`� with

C ������
k� �A� � �]* Y . Finally, wedefine
therewardvector � by

C �\�V� , ��	��.�d*(� � � � �A� � ����	�����$-	��.�A����
P� .
3.1 Asymptotic accumulating trace

Let usconsidera trajectory � / '�� � ' 121�1 '�� 4 5�5�5 obtainedby
thesimulationof thepolicy $ from theinitial state� / . In thefollow-
ing propositionwe give the asymptoticexpectationof the accumu-
lating tracevectoron this trajectory.

Proposition1 (asymptoticaverage accumulatingtrace)C �`�V��%�ILK h�	��q��R_*)�����4^� M ILK h 4 	��.��R_* �<	��.�Y l Q � 5 (3)

Proof: (sketch)We definethefollowing arriving times:u�� /^	��.�d*@������y.��{tT�����4L*(� zC ��{tT�% �_� 	��.�d*J�����Hy���{ �_� p � 	��.����� 4 *(� z 5
Weknow thenthatfor a recurrentirreductibleMarkov chain,andfor��{ Y , the interarrival times � � 	��.�<l � � p � 	��q� areindependentand
identically distributedrandomvariables,with ILK � � 	��.�-l � / 	��.��R *�¡k¢ ��£ , and are independentof � / 	��.� . Since

C �?�)�[� � 4 	��.�¤*	 � 4n	��.�!l � 4 p � 	��.���]e 121�1 e,	 � � 	��.�-l � /�	��.���de � /^	��q� , � 4H	��q� is a
delayedrenewal process[7]. It is easyto show thattheaccumulating
trace(2) canbewritten ash 4 	��q�d* 4N� OH/ 	 Q ��� 4 p_¥�¦ ¢ ��£ Y Y ¥�¦ ¢ ��£�§ 4 �

andthus I¨K h 4 	��q��R�*(© On4N© OH/ 	 Q ��� ©
MN� OH/ �=	 �_� 	��.�d*Jª:�A5

From this last relation, we apply the Blackwell’s renewall theo-
rem[7] thatestablishestheformula. «

As we see,theasymptoticexpectationof thetraceis equalto the
productof the factor

�� p_¬q­ , andthe invariantdistribution vectorof
theMarkov chain.This formulaallows usto interprettherole of the
traceh 4 	��.� in theupdaterule(1) asagainthatasymptoticallyandin
averageputsmorecreditto statesthatoccurmorefrequently.

Proposition1 establishesthat the trace h.4n	��.� is a randomvari-
ableof meanequalto

¡k¢ ��£� p:¬q­ when �&'®~ . We canalsoconsider
theasymptoticexpectationof thetraceat time � conditionedon the
currentstate��4 , which canbedefinedfrom (2) and(3) by¯hq4H	��.�d*�u�° �<	��.� if �Lw*(� 4 �° �<	��.��e Y if �±*(��4H5
with ° * Q �Y l Q � .

3.2 AverageasymptoticTD( } )

We proposein this paperto substitutein the TD( � ) updaterule (1)
the tracefactor h.4H	��.� by its asymptoticaveragevalue

¯h.4H	��q� . That
definesa new algorithmcalledATD( � ) thatcanbewritten in vector
notation D 4^8 � c0D 4 e²� 4�³
´.µ�4 5 (4)

Here, µ 4 is thetemporaldifferenceerrorvectorµ 4¨*·¶¸ Tik4T ¹º c0��4���±4 is thediagonalstepsizematrix

�64=* ¶»¸ f[4�	�� � �
. . . f]4�	��.¼x�

¹A½º
and ³ ´ theeligibility matrix³ ´±*@¾`e ° ¶¸ � �� 525�5¿�� � ¹º *@¾`e ° �,�!5

ATD( � ) hasthesameconvergencepropertiesasTD( � ). Neverthe-
less,a direct implementationof this updaterule (4) would have a
complexity similar to TD( � ), proportionalto � � . Fortunately, under
a simpleassumptionon the stepsizesf]4H	��.� , thereexists an equiv-
alentexpressionof (4) that requiresa small numberof updatesper
iteration,independantof thenumberof statesin � .

Proposition2 (ATD(� ))
We assumethat

C �]� �nf]4n	��.�À*¿f]4kfÁ	��.� , with f]4���fÁ	��.��{ET ,� 4 f 4 *Âe\~ and � 4 f 4:Ã W e\~ . Let � be the diagonal ma-
trix of the fÁ	��.� coefficients,and �±4L*@f]4:� . Then,
(i) D_4 convergeswith probability 1 to D F ;
(ii) D_4�*(Ä�4\e ° �Å�HÆ�4 , where Ä�4 is a new relativevaluefunction
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on � and Æ 4 a scalingfactor, that can be both updatedafter each
transitionbyÄ 4^8 � 	�� 4 �¿c Ä 4 	�� 4 �ne²f 4 fÁ	�� 4 �ji 4 �Æ 4�8 � c Æ 4 e�f 4 i 4 �

with ik4 * �.4\e Q D_4n	���4�8 � �[lgD_4n	���4��* �.4\e Q Ä�4H	���4^8 � �]lgÄ�4H	���4:�e ° Æ�4�	 Q fÁ	���4�8 � ���<	���4^8 � �[lmfÁ	���4����<	��.4����A5
Proof: (i) (sketch) Let Ç=4È*É	���4H�B�.4�8 � �;�.4:� . (4) can be writtenD 4^8 � * D 4 eÊf 4 	SË+	ÌÇ 4 ��D 4 eÊÍÎ	ÌÇ 4 ��� where Ë+	ÌÇ 4 � is a����Ïm�
� matrix, and Í�	ÌÇ 4 � a vector in " 4ÑÐ . Let Ë and Í be the
expectedvaluesof Ë¨	ÌÇ=4:� and Í�	ÌÇ�4_� with respectto the invariant
distribution � . We have ËÒ*0�`�Ó	 Q ��l@¾LeÈ	 Q l Y � ° ���.� andÍx*J�`�Ó	Ì¾`e ° ���2�\� . SincetheboundedseriesË+	ÌÇ 4 � and Í�	ÌÇ 4 �
converge exponentiallyfast to Ë and Í , and Ë is negative definite,
we can apply the proposition4.8 in [2, sec.4.4.1] that establishes
the convergenceof D_4 to D F which is the unique solution D ofË�DÔe�Íx*JT .

(ii) Wehave D_4^8 � * D_4Ge²�±4 ³ ´ µ 4* D 4 e²� 4�µ�4 e ° � 4 �,� µ�4* D_4Ge²�±4 µ 4Ge ° f]4:�Å�nik4* 4 p �N� OH/ � � µ � e ° �x� 4 p �N� OH/ f � i � 5
The proposition is established by defining the two seriesÆ�4=* 4 p �N� On/ f � i � and Ä�4L* 4 p �N� OH/ � � µ � . «

In orderto calculatetheerror term i 4 , thesteadystateprobabili-
ties �<	��.� areneeded.They canbeestimatedonlinebyC �É�-	��.�dÕ×Ö 4 	��.��
whereÖ 4 	��.� is thenumberof visitsof state� at time � .

This ATD( � ) algorithmis particularlyinterestingbecauseit only
requires3 updatespertransition( Ä 4 	�� 4 � , Æ 4 and Ö 4 	�� 4 � ) andthus
canbe really fasterthan the original algorithm(4). Hence,as it is
an asymptoticapproximationof the TD( � ) algorithm (1), one can
expectfrom ATD( � ) theconvergenceefficiency of TD( � ) for ��{tT ,
with thelower computationalcostof TD(0).

4 ATD: OPTIMIZING ATD( } )

TheasymptoticapproximationATD( � ) of TD( � )D_4�8 � c0D_4`eX�±4 ³ ´ µ 4n5
correspondsto a gainmatrix variantof thebasicTD(0) algorithmD_4�8 � c�D_4\e Y� µ 4n5

The use of a gain matrix in order to guide and acceleratethe
convergenceof a stochasticadaptive algorithmis a classicresult in
stochasticapproximationtheory[1, 6]. Our objective in this section
is to comparetheATD( � ) gainmatrixwith theoptimaloneprovided
by theordinarydifferentialequation(ODE)method,andto optimize
the f 4 	��.� and � choicesby minimizingthedifferencebetweenthem.

4.1 Optimal gain matrix for TD(0)

The ODE methodproposessomeanalytic tools for analysingand
optimizingtheconvergenceof thegeneralstochasticalgorithmØ 4�8 � c Ø 4Ge Y�±Ù 	 Ø 4���Ç�4_�
where

Ø 4 is the parametervector, and Ç�4 the input randomvector
thatbringssomeinformationon

Ø 4 at time � . Classicreinforcement
learningalgorithmslike Q-Learningor TD( � ) canbeanalysedwith
theODEmethod[2, 6, 5].

As ATD( � ) appearsto a be a gain matrix variantof TD(0), it is
natural to comparethe correspondinggain matrix �64 ³ ´ with the
optimal gain matrix for TD(0) that can be derived from the ODE
theory.

For theTD(0) algorithm,wehave
Ø 4=*(D_4 , Ç�4L*Ú	���4H�A��4^8 � ���.4��

and Ù 	 Ø 4���Ç=4:�J* µ 4 . We know that D_4�'vD F and the opti-
mal gain matrix is the one that minimizesthe asymptoticvariance�����L4�� MÈÛ D p4 D F Û Ã . It is definedby³ � *,lxÜ�Ý±	�D\F�� p �
where Ü Ý is thejacobianmatrixof thefunctionÜ�	�D��¿* ���Þ�4�� M I Ý 	 Ù 	�D<�;Ç�4_���* �Ó	S�Xe Q �GDJl�D��
We obtain Ü_Ý±	�D F � *Ú�Ó	 Q �Àlm¾�� . Since �E{&T and T#U QgWÓY ,theinverseof �Ó	 Q �Jlm¾�� existsandwe have³ � 	���� � 
 �ß* 	Ì¾\l Q �G� p � � p �* Y�-	�� 
 �+à MN© OH/ Q © � © 	�� © *(� 
 � ��/x*(�q�jáX5

NotethatthemodifiedTD(0) updaterule obtainedby considering
theoptimalgainmatrixD 4�8 � c�D 4 e Y� ³ � µ�4
cannotbeimplementedin practicebecausethematrix � is unknown,
andtheestimationof theinverseof 	Ì¾]l Q �G� p �

mightbeverycostly.

4.2 The ATD algorithm

We considerthe case� 4�³ ´ * �4 ³ ­ � â andwe proposeto optimize
thechoiceof fÁ	��.� and � by minimizing thenorm Û ³ ­ � â l ³ � Û Ã
of the differencebetweenthe matrix gain ³ â_� ­ and ³ � . Due to the
complexity of theglobalminimizationproblem�#��� ­ � â ¢ ��£ Û ³ ­ � â l ³ � Û Ã �
we only consideredtheoptimizationof the � parameterfor different
stepsizedefinitions �64 . Thebestresultswereobtainedfor f]4n	��.�!*�4 �¡k¢ ��£ , that is � 4 * �4 � p �

. In that casethe minimizationof the

criterion Û � p � ³ ´ l ³]� Û Ã leadsto theoptimal ° value°�ã ��ä * Y� � Ã 	 N �A� � � ³ ��A� � � l N � Y�<	��.� �
and � ã ��ä * �¬æå^ç ¦Aè� 8 å�ç ¦Aè .

For many simulatedproblems(seesection5) this � ã ��ä valuewas
verycloseto 1, asit is theoreticallythecaseif theinvariantdistribu-
tion is uniform:

C �H�<	��.�`* �4^Ð . For that reason,we introduceATD
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asthenew algorithmdefinedfrom ATD( � ) by thechoices�¨* Y andC �]� ��f[4n	��.�d* �4 �¡Ñ¢ ��£ .
Note that for different stepsizes,the optimal � values can of

coursebedifferent.For instance,thechoice f 4 	��q�Å* �4 leadsto an
optimalvalue � ã ��ä Õ �¬ .

Fromproposition(2), it is possibleto implementefficiently ATD
with the two updaterules on Ä 4 and Æ 4 . This factoredalgorithm
hassomespecificpropertiesdescribedin the following proposition
( é standsfor thevectorwith all componentsequalto 1).

Proposition3 (ATD)
(i) ATD canbeimplementedbyD_4 * Ä�4\e QY l Q Æ�4�é^�

with Äs4^8 � 	���4:�¿c Ä�4H	���4:�ne Y� Y�<	���4:� ik4��Æ�4�8 � c Æ�4\e Y� ik4��
and ik4 * �.4�l Q Æ�4\e Q Ä�4H	���4^8 � �]lmÄs4n	���4_�A5

(ii) 	�Ä�4_��Æ�4:� convergesin probability1 to 	�Ä F ��Æ F � such that D F *Ä F e ¬� p_¬ Æ F é is thediscountedvaluefunctionof thepolicy $ , andÆ F its average gain:Æ F *>���Þ�4�� M Iëê Y� 4 p �N� On/ � �.ì 5
Proof: (i) Since

C �]� ��f]4¨* �4 and fÁ	��.�<* �¡Ñ¢ ��£ , proposition(2) es-
tablishesthat D 4 *(Ä 4 e ° �Å�nÆ 4 . Thenwenotethat

C � ° �Å�<	��q�d*¬� p_¬ �¡Ñ¢ ��£ �<	��.�d* ¬� p:¬ , andik4 * �.4`e Q D_4H	���4^8 � �
l�D_4n	��.4��* �.4`e Q Äs4n	���4�8 � �ne Q ÃY l Q Æ�4�l�Äs4n	���4��]l QY l Q Æ�4* �.4`e Q Äs4n	���4�8 � �[lgÄ�4H	��.4��[l Q Æ�4�5
(ii) (sketch) We first show by induction that

C �±Æ�4 *� � �<	��.��Ä 4 	��.� . Indeed,Æ�4^8 � * Æ�4Ge Y� ik4* N � �<	��.��Ä�4H	��q�ne Y� ik4* N � �<	��.��Ä�4^8 � 	��.�[ls�<	���4_�2	 Y�<	���4��j� ik4��ne Y� ik4* N � �<	��.��Ä�4^8 � 	��.�A5
It follows that the Ä�4 iteration can be made independantonÆ 4 and, similarly to the proof of proposition(2), can be writtenÄ 4�8 � *(Ä 4 e �4 	SË¨	ÌÇ 4 ��Ä 4 e+ÍÎ	ÌÇ 4 ��� . Wethenshow that Ë+	ÌÇ 4 �
and ÍÎ	ÌÇ=4_� convergeexponentiallyfastto thenegativedefinitematrixËë* Q �Àl²¾�l Q ��í and Í�*|� . Thus Ä�4 convergesw.p.1 to the
uniquesolution Ä F of 	Ì¾!l Q �Ve Q � � ��Ä F *J� . By multiplicating
both sidesby � � , andfrom the relations � � �ë*×�\� � *ë� � , we
obtain ����Ä F *J���2� .
Since Æ�4 * � � �<	��.��Ä�4H	��.� , we have Æ�4�'îÆ F withÆ F * � � �-	��.��Ä F 	��.� , and from ����Ä F * ����� ,Æ F *ï� � �<	��.�;��	��.� , which is an equivalent definition of the

averagegainof thepolicy $ . Thenfrom (i) andproposition(2), D 4
convergesw.p.1to D F *(Ä F e ¬� p_¬ Æ F é . «

Surprisingly, onecannote that the ATD algorithmthat hasbeen
definedfor Q�W|Y candirectly beextendedto thelimit caseQ * Y .Indeed,thenew updateruleson Æ�4 and Ä�4 with ik4a*Ó�.4LlgÆ�4�eÄs4n	���4He Y �ql�Äs4H	���4�� exactlycorrespondto theaveragecosttempo-
ral differencelearningalgorithmrecentlyproposedby Tsitsiklis and
Van Roy in order to learn the bias-value function and the average
gainof a policy $ [13]. HenceATD canbeseenasa bridgebetween
TD( � ) algorithmsfor thediscountedexpectedcostproblems,andav-
eragecostTD( � ) algorithmsfor theaveragecostperstageproblems.

5 SIMULA TIONS

In order to analyseexperimentally the quality of the asymptotic
approximation of TD( � ) by ATD( � ), the choice of the normÛ ³ ­ � â l ³ � Û Ã asan evaluationof thepair 	�����f]� , andfinally the
optimality of the ATD algorithm, we madesomesimulationson
randomlygeneratedMarkov chains,with all components� � � � �!{JT ,
and with randomstaterewards ��	��.�&�3K Tk� Y R . We implemented
TD( � ), ATD( � ) and ATD learning algorithms as describedin
previous sectionsby consideringa unique long trajectory on � .
All parameterswere initially set to 0. The stepsizes

�4 ¡k¢ ��£ were

estimatedonline by
�¼nð ¢ ��£ . For eachproblem, D F and ³ � were

exactly calculated,andthreecriteriawereconsidered:thegainerrorÛ ³ ­ � â l ³[� Û Ã , the relative learning error ñ Ý ð p�Ý
ò ñ�óñ Ý ò ñjó along a
trajectory, and the total computationtime to achieve a 3% relative
learningerror.

We presentheresometypical resultsobtainedduringour simula-
tions.Figure1 shows thegainerrorof aMarkov chainwith 50states
and Q *¤T�5 ô , asa functionof � for two choicesof stepsize.As we
cansee,the optimal � valuefor f 4 	��.�\* �4 ¡Ñ¢ ��£ is very closeto 1,

andleadsto a bettergainerror thanfor thechoice f[4�	��.� * �4 ¡Ñ¢ � ð £
(thisstepsizewasretainedbecauseit alsopresentedinterestingprop-
erties).

On Figure 2, we plot the learningerror ñ Ý ð p�Ý ò ñ�óñ Ý ò ñ�ó obtainedat�&*ÂõÎTÎT�T�T for different � and f 4 	��.� valueson the sameMarkov
chain than in figure 1. The resultscorrespondto the meanvalues
of 100 different runs. As we can seethe behaviors of TD( � ) and
ATD( � ) arevery similar, andtheexperimentaloptimal � valuesare
very closeto theonetheoreticallyobtainedby minimizing the gain
error, asillustratedin figure1.

Finally, we compareATD anddifferentsinstancesof TD( � ) and
ATD( � ) on figure 3, with respectto the computationtime (mean
valueon 100 runs)requiredto get a learningerror equalto 3%, as
a functionof thesizeof thestatespace.Themainconclusionis that
ATD exhibitsaverygoodlearningbehaviour, with betterresultsthan
TD( � ) for f 4 	��.� * �4 ¡Ñ¢ ��£ and �V* Y , andthanTD( � ) andATD( � )

for f]4n	��.��* �4 ¡Ñ¢ � ð £ and optimal � values,thesetwo algorithms
beingexperimentallyequivalent.Hence,theconstantnumberof up-
datesperiterationandtheoptimalchoicef 4 	��.�d* �4 ¡Ñ¢ ��£ and �+* Yallows usto definea very efficient new temporaldifferencelearning
algorithm.

6 CONCLUSION

In this paperwe have introducedATD( � ), an original asymptotic
approximationof online TD( � ) basedon accumulatingeligibility
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trace.By minimizing the norm of the differencebetweenthe ma-
trix gain of ATD( � ) and the optimal matrix gain correspondingto
TD(0), we have shown that thereexists a stronginterplaybetween
theoptimal � valueandthechoiceof thestepsize,andthat thepair	��a* Y �Bf 4 	��.�Å* �¼ ð ¢ ��£ � definesa new very efficient temporaldif-
ferencelearningalgorithmcalledATD, which canbe interpretedas
adiscountedvariantof theaveragegaintemporaldifferencelearning
algorithmrecentlypresentedin [13].

Our resultshave beenobtainedfor the accumulatingeligibility
trace.We alsoconsideredin a parallelwork the caseof the replac-
ing trace[10], but it wasno morepossibleto handleanalyticallythe
criterion ���S� ­ � â ¢ ��£ Û ³ ­ � â l ³[� Û Ã . We alsolimited our analysis
to stepsizesproportionalto

�4 asit is assumedin the ODE method,
despitethe fact that the few interestingresultsalreadyknown on
convergenceratesof TD( � ) algorithmswereobtainedfor constant
stepsizes(but generalconvergenceproofsonly exist for decreasing
stepsizes).Nevertheless,we think thatATD, with its constantupdate
complexity andits optimal � value,is a very promisingandsimple
algorithm,andwe intend in the future to compareit with efficient
approximateimplementationsof TD( � ), like TTD [3]. Furthermore,
theprocesswefollowedhereto defineATD( � ) andATD canbealso
appliedto Q(� )-learning[14, 12], andwe intendto comparethese
forthcomingresultswith theefficient implementationof Q(� ) intro-
ducedby WieringandSchmidhuber[15].
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