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Abstract. We proposea generalframework to formalizethe pro-
blem of capturingthe intensityof implication for associationrules
throughstatisticalmetrics.In this framework we presentproperties
that influencethe interestingnessof a rule, analyzethe conditions
that leada measureto performa perfectpruneat a time,anddefine
a final properorderto sort thesurviving rules.We will discusswhy
noneof thecurrentlyemployedmeasurescancaptureobjective inte-
restingness,andjustthecombinationof someof themin amulti-step
fashion,canbe reliable.In contrast,we proposea new simplemo-
dificationof thePearsoncoefficient thatwill meetall thenecessary
requirements.We statisticallyinfer theconvenientcut-off threshold
for thisnew metricby empiricallydescribingits distributionfunction
throughsimulation.Experimentsshow apromisingbehaviour of our
proposal.

1 PROBLEM FORMULA TION

Oneof themostrelevanttasksin KnowledgeDiscovery in Databases
is mining for associationrules in large massesof data,as it was
first formulatedby [1]. This taskis oftendecomposedinto two sepa-
ratephases:1/ Findingall thefrequentitemsetshaving supportover
a user-specifiedthreshold,and,2/ Generatingthe associationrules
from themaximaldiscoveredfrequentitemsets.

Theinput of a frequentsetsalgorithmis a database� , composed
of a collectionof transactions, whereeachtransactionis a subset
of a given fixed setof items �����	��
��������������������� . Let ����� be
an itemset,and let �! 	"#�$���&% be the ratio of the numberof trans-
actionsin which � appearsto the numberof all transactionsin � ,
i.e. �! 	"#�$���'%(�*)�+-,�.�/-02143 5768 5 8 . We notethesupportof an itemset� as�! 	"#�$���'% . An itemsetis calledfrequentif its supportexceedsagiven
user-specifiedthreshold,9 .

In thesecondphase,associationrulesareconstructedfrom those
maximal frequentsets.In brief, given any maximal frequentitem-
set : , anassociationrule is an expression;=<?> where ;@�A� ,>B��� , ;DC�>*�FE and ;�GH>*��: . The numberof theseex-
tractedimplicationsis usually very large, leadingto a rule quality
problem:justasmallportionof themareinterestingandtherestmay
be misleading.Currently, this problemcanbe facedby calculating
an interestingnessmeasureover the rules with the aim of statisti-
cally determiningtheir quality. This is acommontechniqueusedby
many authors([3, 4, 5, 10,11, 13] �I��� ), opposedto otherdeterminis-
tic techniquessuchasgroupingtogetherrelatedrules([7]), or using
closeditemsetsto generateanon-redundantsetof rules([2]).

An order inducedby a measurein a given database� is a total
order, andin currentapplicationstheuserspecifiesathresholdtosplit
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the sortedrules in two classes:thoserules rankingunderthe user-
specifiedthresholdareconsidereduninterestingandwill bepruned;
the restof ruleswill be consideredinteresting.This is a risky step
sincethemeasuremight beunreliablein capturingthequalityof the
rule andso,someuninterestingrulescanstill hold while otherinte-
restingonescouldbeeliminated.

For thestudyof associationrules,we alsoconsideranasymmet-
ric framework whereonevariablecausesanother. So,thereis aneed
to distinguishthe strengthof implication of the rule  J�K;L<M>
from its reversed N O�D>�<P; . The calculationandinterpretation
of asymmetricmeasuresdependon whichvariableis consideredde-
pendent,or in otherwords,whichpartof theoriginal itemsetwill be
the bestconsequentof the rule. Thesekind of measuresthat assign
differentvaluesto thetwo rules ;Q<B> and >R<*; will becalled
symmetrybreaking.

2 GENERAL FRAMEWORK FOR PRUNING
ASSOCIATION RULES

In this sectionwe try to do a generalizationof all the different
propertiesand considerationsstatedin the broadcurrentliterature
([5, 9, 10, 11, 13] amongothers).Givenany interestingnessmeasure��S , we considertwo objective propertiesmaking ��S an accurate
metricin theassessment of associationrules:

P1: ��S musttestindependenceof a rule  
P2: ��S must distinguishthe strengthof implication of a rule  

againstits reversed N 
Thefirst propertyP1derivesfrom a commonprinciple in associ-

ation rule mining: thegreaterthesupport,thebetterthe itemset.As
authorsin [4] argue,this fact is trueto someextentbecauseitemsets
with high supportarea sourceof misleadingrules: they appearin
mostof thetransactionsandany otheritemset(despitethemeaning)
seemstobeagoodpredictorof thepresenceof thehigh-supportitem-
set.As a consequence,mostof theserulesturn to beuselessdespite
having high supportandaccuracy, becausethey hold with negative
dependenceor independencebetweenantecedentandconsequent.

So,propertyP1statesthatany accuracy measuremusttest inde-
pendencebetweenantecedentand consequentof a rule. Formally,
this meansthat ��S�"�TU< V&%R�XW when �! 	"�TYG[Z\���'%A��! ]"�T'���'%!^_�! 	"#Z\���&% (where W can be any constantvalue),and
it wasfirst formulatedby [11]. So,wewantthat ��S canclearlydis-
tinguishrulesaccordingto thesethreedegreesof dependence:rules
with �! 	"�T`GHZ\���&%bac�! 	"�T&���'%d^��! ]"#Z\���'% arecalledthepos-
itive associationrules, thosewith �! 	"�TAGeZ����&%gfQ�! 	"�T&���&%d^�! ]"#Z\���'% are the negativeassociationrules and finally, �! 	"�TRGZ����&%h�`�! 	"�T&���'%h^i�! 	"#Z\���&% arenull associationrules.



A well-knoj wn measurethat evaluatesthe degreeof dependency
betweenantecedentand consequent of a rule is the Pearsoncoef-
ficient, notedby k . Ruleswith k[lnm are independent,ruleswithk�opm arethepositive rulesandtherestwith kiqpm arethenegative
rules.So,to checkindependencebetweentwo variables(in ourcase
antecedentandconsequent of a rule)we couldperformthecommon
statisticalcorrelationtestingby rejectingor acceptingthe hypothe-
sis H0) k[lnm , versusH1) kcrlnm (the convenienttransformation
of k getsa statisticthat follows normality).Unfortunately, Pearson
coefficient fails to fulfill propertyP2.

The secondpredicateP2 illustratesthe needto distinguishthe
bestassociationrules from all the antecedent-consequent permuta-
tion asymmetries.All therules s whosevalue t�uAv#swxq`t�uAvIysIw are
saidto beaweakreverseof anotherrule.

We canfinally defineour working hypothesisfor which aninter-
estingnessmeasuret�u is accurateif it canprunemisleadingrules,
i.e,weakrules (null associationrulesandnegativeassociationrules)
andweakreversedrules. Null associationrulesareuselesssincewe
are looking for associationpatternsandnot independentones;and
we considerthat negative associationrulesshouldbe betterdiscov-
eredwith differentspecificalgorithmicstrategieshaving intoaccount
thenegationof attributes,suchasin [8], wherethenecessarymono-
tonicity propertiesarepreserved.This total setof rulesthat t�u has
to prunewill becalledtheuninterestingrules.

2.1 UsefulTestson Rules

Theprunephasebecomesaruleclassificationproblemcurrentlyper-
formedthroughtherankingsetup by t�u . We formalizeit asa test
T onanassociationrule s : from theinputdatabasez , givenaninte-
restingnessmeasuret�u andacertainthreshold{ a testis,

| v#s�}�t�u~}�{$}�z'w7l
��� ���� if v#t�u�v#s�}�z'w�o_{ ) andv#t�uAv#s4}�z&w�opt�uAvIys�}�z'w-w�}m otherwise�

Whenthis testreturns1 meansthat theassociationrule s is con-
sideredinterestingin the concretedatabasez , otherwiseit should
be prunedaway. In a certain way, the first part of the condition,t�uAv#s4}�z'w�oR{ , controlsthe satisfactibilityof propertyP1;andthe
secondpart, t�u�v#s�}�z'w\oAt�uAvIys	}�z'w , controlsthesatisfactibilityof
propertyP2.Of course,theutility of thetestandtheability to capture
interestingnessdependsbasicallyon t�u andthevalueof { chosen.

A testwill beconsideredharmlessif all theinterestingrulespass
the test,althoughit could still hold many uninterestingrulesat the
sametime.Wesayit is harmlessbecauseat leastinterestingrulesare
never removed.

A testwill be consideredcompletely useful if it perfectlysepa-
ratesuninterestingrulesfromtherest,so,it alwaysperformsaperfect
classificationandnever fails to distinguishthenotionof interesting-
ness.Any completelyuseful test is includedin the setof harmless
tests,but thereverseimplicationdoesnotalwayshold.For ourgoals,
wewantto consideronly all thecompletelyusefultests.

2.2 Partial Orders on Rules

We proposeto studythefollowing threepartialorderson rules.

Definition 2.1 Givenrules s�lK����� , and sI�(lK�������!� , we
say s�qd�Js � in a certain databasez if and only if: �!s	v��'}�z&w�l

�!s]v�� � }�z'w , and �!s	v#��}�z&wbl*�!s	v#� � }�z&w , and �!s	v����i�\}�z'wOq�!s]v������O�!��}�z'w .
Definition 2.2 Givenrules sOl��D�?� , and sI�(lY�!�h�P�!� , we
say s�qx�ds � in a certaindatabasez if andonly if: �!s	v�������}�z&whl�!s]v������H�!��}�z'w , and �!s	v#��}�z&w!lY�!s	v#�!��}�z'w , and �!s	v��&}�z'w&q�!s]v�����}�z'w .

Thesetwo partial orderson rules derive from the well-known
propertiesproposedby Piatetsky-Shapiro[11] over themeasuresof
interestingness.

Definition 2.3 Givenrules sOl��D�?� , and sI�(lY�!�h�P�!� , we
say s�qx�ds � in a certaindatabasez if andonly if: �!s	v�������}�z&whl�!s]v � � � � � }�z&w , and �!s]v �'� �&}�z&w7l`�!s	v�� � ��� � }�z'w , and �!s	v �'���}�z&whl��!s	v������ � � }�z'w , and �!s	v��_� �&}�z'w�l[�!s	v � � �O�!��}�z&w ,
and �!s	v��J�'�\}�z&w�qp�!s	v�� � �'� � }�z&w (where � meanstheabsence
of itemset� in thedatabasez ).

This third partial order on rules expressesthe relationshipthat
shouldexist betweentwo complementaryrules: that is, rules that
would have the samesupportin caseall the 1’s (presenceof item
in a transaction)would be flipped into 0’s (absenceof item) simul-
taneouslyin all transactionsof z . So, the orderof q � reflectsthat
theco-presenceof antecedentandconsequent in eachtransactionis
moremeaningfulthattheir co-absence.

Fromthesethreepartialorders,wedefinea total properorderthat
measurest�u shouldkeepto ranktherules.Later, wewill show that
sometotalordersinducedby specificmeasures,wehavethatthey are
properorders.

Definition 2.4 A measure t�u inducesa properorder if preserves
the partial orders qd� , q � and q � given in z . That is, s�qd�s � or s!qx�xs � or s!qx�xs � ��¡ t�u�v#sIw(¢pt�u�v#s � w
3 PROPERTIES OF AN OPTIMAL PRUNE

Accordingto our framework, the main goal of an optimal pruneis
to find a completelyusefultestwith theability to keepa properor-
der on thoseinterestingsurviving rules.To find a completelyuse-
ful testwe aregoing to considersymmetrybreakingmeasurest�u
(thisexcludesk , andalsoothercurrentmesureslike Lift, �!£ [11] ort�£ [13]), andanalyzehow thechosenthreshold{ affectstheproper-
tiesof themeasuret�u .

We start by observingthat given any symmetrybreaking t�u ,
it is always possible to find a threshold { that makes the test
T v#s4}�t�u~}#{$}�z&w harmless.This canbe doneby settingthethreshold{ with the smallestvalueof the image t�u , that is, if t�uAv#s4}�z&w&¤¥§¦�¨ } ¦ª©�« , thenwe canchose{Hl ¦�¨ , so that the testalwaysreturns
1 (all the rulespassthe test).The problemof usingthis minimum
harmlessthresholdis that thetestis not usefulat all becauseall the
uninterestingrulesstill hold. Thepoint is how well we cando with{ , i.e. how muchwe canincrementthe valueof { keepingthe test
T v#s4}�t�u~}#{$}�z&w still harmlessand,at thesametime,with theability
to removeuniterestingrules.

Definition 3.1 Themaximumharmlessthreshold, notedby {$¬ , for
somesymmetrybreakingmeasure t�u is that valuefor { such that
if we incrementedthis value { ¬ with any �oPm , then the test
T v#s4}�t�u~}#{$¬¯®°I}�z&w wouldstart beingharmful.
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Figure 1. Dotplotof acertain±4²`³µ´I¶ where ·ª¸ leadsto aharmlesstest

Thedefinitionof ¹ ¸ removesasmany uninterestingrulesaspossi-
blebut it alwayskeepstheharmlessconditionof thetest.A graphical
exampleof the threshold¹ ¸ for a measureº�» is foundin figure1.
This graphshowsa dotplotof º�»�¼#½I¾ : locationof thepoints( ¿ andÀ ) alongtheline º�»�¼#½I¾ representsthedifferentvaluesthateachrule
getswith º�» . As wesee,interestinganduninterestingrulescouldbe
mixedalongtheline,but at least,thethreshold¹ ¸ guaranteesasetof
only uninterestingrulesat its left side,andit cannotbe incremented
to hold this invariant.

Proposition3.1 Thevalueof the maximumharmlessthresholdfor
any º�» is ¹ ¸ÂÁYÃ&Ä§ÅÇÆ-ÈÊÉ º�»A¼#½�Ë�Ì�Í&¾-Î where ½�Ë are the interesting
rulesfoundin thedata Í .

With ¹ ¸ Á�Ã&Ä§Å Æ�È É º�»A¼#½ Ë Ì�Í'¾-Î we arein the limit of harmless-
nessin a test,holding asfew uninterestingrulesaspossiblein the
right sideof ¹ ¸ . Theseuninterestingrules,notedby ½�Ï , are weak
rules or weak reversedrules, but they still could passthe test if
and only if º�» is not reliable, that is, º�»A¼#½ Ï Ì�Í'¾ÑÐnº�»�¼#½ Ë Ì�Í&¾
for someinterestingrule ½ Ë . Since the test is harmless,it cannot
remove ½�Ë , and the following situation is forced: º�»A¼#½�ÏÒÌ�Í&¾�Ðº�»A¼#½�Ë�Ì�Í'¾ÓÐ`¹ ¸ . Thenumberof ½�Ï keptwith themaximumharm-
lessthresholdis minimum by definition; but, when canthis maxi-
mumharmlessthresholdperformaperfectclassificationof rules?

Proposition3.2 The maximumharmlessthreshold performing a
perfectsplit of interestingness,existsfor anysymmetrybreakingº�»
if wehavethat ÃbÔ	Õ Æ�Ö É º�»A¼#½ Ï Ì�Í'¾-Î&× Ã&Ä§Å Æ�È É º�»A¼#½ Ë Ì�Í'¾-Î , where½ Ï are theuninterestingrulesand ½ Ë are the interestingonesin the
data Í .

This threshold¹ ¸ will convert the testin completelyusefulwhen
all therules ½�Ï areremovedby thetest.Thissituationonly happens
when we have that ÃbÔªÕ Æ�Ö É º�»A¼#½ Ï Ì�Í&¾-Î_× Ã&Ä§Å Æ-È É º�»A¼#½ Ë Ì�Í'¾-Î ,
andsowe canchoose¹ ¸ suchthat ØÒ½ Ï º�»�¼#½ Ï Ì�Í'¾Ù×Ú¹ ¸ , but at the
sametime, Ø�½�ËÛº�»A¼#½�ËÛÌ�Í&¾bÐY¹ ¸ . In otherwords,the function º�»
assignsvaluesto rulesin sucha way thatiterestingrules ½ Ë aresep-
aratedfrom therestof uninterestingrules ½ Ï (andthecorresponding
split betweenthesetwo typeof rulesis pointedoutby ¹ ¸ ). However,
theexistenceof a ¹ ¸ for º�» giving rise to a completelyusefultest,
dependsonthespecificdataexaminedÍ and,specially,ontheability
of themeasureto clearlyseparatethe two typeof rulesat this point¹ ¸ . In particular, wecanstatethefollowig.

Lemma 3.1 If a certain symmetrybreaking º�» is linearly cor-
related with Ü , then Ý�¹ ¸ creating a completely useful test
T ¼#½�Ì�º�»`ÌÛ¹ ¸ Ì�Í'¾ .

Proof. Given theinput setof all-kind rules Þ to beclassified,we
can constructa new set Þ\ß consistingof only the strongreversed

rules,i.e, Þ\ß ÁDÉ ½Jà[Þ&á º�»A¼#½¾bâcº�»A¼Iã½¾-Î (this canbe donebe-
causeour º�» is symmetrybreaking).Besides,if º�» is linearlycor-
relatedwith Ü , it implies thattherelationshipcanbegraphicallyin-
ducedby a line º�» Á�äFå ÜJ¿`æ (where ä is the slopeand æ is
the y-intersectionpoint of the line). This linear dependenceallows
to setasinglecut-off point from whereto startdistinguishingstrong
positive rulesfrom the restof weakrules(from thecut-off valueofÜ ). This point givesa singlethreshold¹ asa classificationpoint forº�» in the test.That is, we cancreatefrom set Þdß a partition such
that ÃbÔ	ÕçÆ�è'É º�»�¼#½�éÙÌ�Í'¾-Î_× Ã&Ä§ÅÇÆ-êÇÉ º�»A¼#½ë�Ì�Í'¾-Î , where ½�é are
theweakrulesin Þ\ß and ½ ë arethestrongpositive associationrules
in Þ\ß . But since Þdß just containedstrongreversedrules,we have
thatrules ½ë arealsotheinterestingones(stronglycorrelatedandthe
strongreversedones). ì

Moreover, wewantthemeasureº�» to inducetheproperorderon
theremaininginterestingrules.Lemma3.2statesthethreenecessary
conditionsfor a measureto establisha properorder. Finally, table
1 gathersa comparisonof the somecurrentmeasures(see[13] for
formulas)accordingto thesethreeconditions.

Lemma 3.2 For all rules ½ ÁFínîXï , the following conditions,
takenjointly, aresufficientfor establishingthata total orderinduced
by º�» is a properorder:

1. º�»�¼#½�Ì�Í'¾ is monotonein ð!½	¼ íJñ'ò Ì�Í'¾ overruleswith thesameð!½	¼ í Ì�Í'¾ andsameð!½	¼ ò Ì�Í'¾ .
2. º�»�¼#½�Ì�Í'¾ is monotonein ð!½	¼ í Ì�Í&¾ over rules with the sameð!½	¼ íóñOò Ì�Í'¾ andsameð!½	¼ ò Ì�Í'¾ .
3. º�»�¼#½�Ì�Í'¾ is monotonein ð!½]¼ í�ñ_ò Ì�Í'¾ over complementary

rules.

IM (1) (2) (3) IM (1) (2) (3)ô
Yes Yes Yes õô Yes Yes Yes

Confidence[1] Yes Yes Yes Lift Yes Yes Yes

Conviction [6] Yes Yes Yes öx÷ [11] No Yes Yes

Gini Index No No ø No ø ±I÷ [13] Yes Yes Yes

Inf. Gain No No ø Yes J-Measure Yes Noø Noøø No, unlessonly positiveassociationrulesareconsidered.

Table1. Conditions of lemma 3.2satisfiedby main ±�²
Notethatin thistablewehavealreadyintroducedanew meassure,ùÜ ; thiswill bedefinedlaterasapartof ourproposal.

4 MULTI-TEST APPROACH

To find thecompletelyusefultest,westudycurrentsymmetrybreak-
ing measuresableto inducea final properorder(Confidence,Con-
viction andJ-Measure).This studywill show the necessityto later
introduceour new measure,

ùÜ . For comparisonpurposes,we gen-
erateartificial datasetssuchas in [13] containing ú�û$Ì�û	û	û random
samples.Eachsampleis a ü�ý�ü contingency tablerepresentingan
associationrule þ î?ÿ . Eachgeneratedcontingency tableis sub-
ject to thesamerestrictionsasin [13] andagivenminimumsupport� will representthesupport-basedpruneperformedby the frequent
setsalgorithmson thefirst phase.In thefollowing syntheticexperi-
mentsweassume� Á û (all thepossiblerulesaregenerated).



Figure 2. Correlationof Confidence,Conviction andJ-Measureagainst
�

At a glance,comparisonsof thesemainsymmetrybreakingmea-
suresto � canbe graspedfrom figure2 (we compareit to � dueto
lemma3.1).Notethat theinterestingrulesareexactly locatedin the
high top half of eachsquare,that is, thosewith ������� andwith
nootherstrongerreverse.Werealizethatnoneof thesemeasurescan
performaperfectpruneof all uninterestingrulesatatime.A testcan
beregardedasasplit alongtheverticalline �
	�� , andwhatever the
threshold� chosen,thetestT ������������������ will alwayskeepnull or
negative rules;thus,proposition3.2neverholds.

Of course,anotherpossibilitybeforeproposingour new measure
thatperformsa singleprune,is to try to combinedifferentmeasures
to createa multi-testproposalachieving the threegoalsof a com-
pletelyusefultest:1) pruningnull ass.rules,2) pruningnegativeass.
rules,3) pruningweak reversedrules.For example,T ������������ �!�"�
andT �����#%$�&('�)+*-,.)+$/&0�213����� isacompletelyusefulmulti-test:� with
a convenientthreshold� � , keepsonly thestrongestrules;andthen,
thoserulesgo to thesecondtestwhereConviction with a harmless
thresholdwill prunethe worst reversedrules and keepthe proper
order on the rest. Note that the threshold ��� for the measure�
could be determinedstatisticallyby studyingthe distribution func-
tion of � . More complex combinationscan be done:for instance,
T �����#%$/&('�)4*�,.)+$�&5��13����� andT �����6879��:-;�<-=>��:���� ?����"� .

5 A NEW MEASURE FOR AN OPTIMAL
PRUNE

We studyherea perfect ��� : it shouldbe symmetrybreaking(P2),
it shouldbeableto remove null andnegative rules(P1),andkeepa
final properorder. For that,weobservethatthePearsoncoefficient �
just fails to fullfil predicateP2;so,themostnaturalapproachseems
to modify � andtransformit into asymmetrybreakingmeasure.

In general,whenexaminingassociationrules,weshouldtakeinto
accountthat the bestrule in termsof implication, @BAC# , comes
when the transactionswhereantecedent@ occursare a subsetof
the transactionswhereconsequent# occurs(i.e, ,.��;�&(</D@��2�"�FE
,.��;�&(<3�#%����� ). In otherwords,the occurrenceof @ in the database
fully impliestheoccurrenceof # . Besides,transactionswhere@ oc-
curscanbedivided into thefollowing: ,.��;�&(<3D@"�2�"�G	H,���;�&I<3D@KJ
#%�����MLN,.��;�&(</D@OJQPR#%����� . So, the fewer transactionsin which
@OJSPR# occurs,the betterfor the rule @TAU# (this implies that
the supportof @ is mainly dueto @VJ9# whereboth itemsetsoc-
cur together, and we get closer to the inclusion ,.��;�&(<3D@"������E
,.��;�&(<3�#%����� ).

To incorporatethis reasoningin thePearsoncoefficient � , weex-
aminethecontingency tablefromwhereits valueis calculated.Given
two itemsetsW and X , we studythe countingsupportsfor the oc-
curenceof onevariablewithout theother, andviceversa,andwecan
concludethat:

Y If ,.��;�&(<3DWZJFP[X\�����%�N,���;�&(<3�P�WZJ]X\�2�"� , we would choose
theimplication XVA^W .

Y If ,���;�&I<3DWZJ]P[X\�2���`_a,.��;�&(<3�P\WZJ]X������ , we would choose
theimplication WbAcX .

For a generalrule @dAe# , thesetwo observationscan be ex-
pressedby theratio f(gihkj5lnmpo q�rfIgihsj0o q�r , that is, thebiggerproportionof the
antecedentthat is sharedwith theconsequent,thebetter. Theeasiest
way to modify the Pearsoncoefficient � to incorporatethis knowl-
edgewithout losing the ability to pruneweakrules,is thenthe fol-
lowing:

t
��D@VAc#���	���D@"�u#��Mv

w �3D@xJy#%���"�w �3D@����"�
i.e, theproductof confidenceof therule timesits Pearsoncoeffi-

cient.We notethatconfidenceformspartof thewell-known frame-
work thatstatesthatstrongruleshavesupportandconfidenceover a
user-specifiedthreshold([3]); this makesour measurealsosuitable
for that framework, but evensolvingsomeof thecommoninconve-
nients.In particular, the inconvenientof confidence(see[6] or [4])
is that independentrules �F	�@bAz# have a confidenceequaltow �/�#%�2��� , which couldbe still high enoughto makethe rule hold,
andonly positive associationruleshave confidenceover

w �3�#%�2�"� .
However, this lackof variability in thepresenceof theconsequentin
thedatadoesnot let us to besureabouttherule.With our measure,
thisproblemis solved:weknow by constructionthatif arule � is in-
dependentthen

t
�\��-�[	x� , regardlessof thevaluefor confidence;and

if therule is positive dependentthen
t
���� �{��� sinceconfidencecan

never have a negative value.On theotherhand,thenew measure
t
�

canbealsoregardeda transformationof � thatgetsto besymmetry
breaking:

t
����-�|�

t
��-}�-� if *�$/&(~I)+��:�&>*�:���-�\��*�$�&(~()+��:3&>*�:�-}��� .

In figure3 weseethebehaviourof thismeasurefor syntheticdata:t
� is highly correlatedwith � for positive rules(seefigure 3), even
keepingalmost the samescale(this is good to distinguishstrong
positive rules from the weak rules as pointedout by lemma3.1);
so,

t
� distinguishespositive associationrulesfrom the restandalso

it is symmetrybreaking.Valuesof
t
� for negative dependentrules

havemorevariability; however, thisvalueof
t
� for negativeruleswill

never beover zero,which easestheoptimalprune.In conclusion,
t
�

will becorrelatedwith � for positive dependentrules,andthevalue
of zerogivesus a point from whereto start pruningin a harmless
way. Moreover, thenew measureinducesstill aproperorder.

��
against

�
Histogram

��
Figure3. Behaviour of our proposal

��
with syntheticuncorrelateddata

5.1 Maximum HarmlessThresholdfor ��

We know that a symmetrybreaking ��� with the ability to prune
weak and null rules,can potentially constructa completelyuseful
test.However, thiswill dependonthevaluefor thethreshold�n� , that
shouldrepresentaperfectsplit betweeninterestingrulesanduninter-
estingrules(seeproposition3.1and3.2).



Threshold�n� only playsa role on the first part of the condition
of thetest(to decideif theantecedentandconsequentarecorrelated
accordingto � ). Hence,to approachthestudyof thisharmlessvalue
of � � thatcreatesa completelyusefultest,we studytheacceptance
or rejectionof the following hypothesis:H0) � is an uncorrelated
associationrule ( ��F��� ) versusH1) � is strongpositiveassociation
rule ( ��F��� ). Thecut-off point thatdistiguishesthesetwo hypothe-
sisatacertainuser-specifiedsignificancelevel will givethevaluewe
wantfor ��� (hypothesistestingthroughacut-off pointandap-value,
is acommontechniqueusedin statistics).

So,we now studythedistribution functionof � � for uncorrelated
data(i.e, underthe hypothesisH0). In figure 3 we seethat the his-
togramof �� for this kind of datadoesnot follow normality;so, the
probabilitydensityfunctionof thenew measure,andso,its distribu-
tion function,canbedifficult to approximatetheoretically. In thispa-
perwe will useasanapproximationtheempiricaldistribution func-
tion of asequenceof realizationsof �� for randomly-generatedrules.
That is, if � ���^� , and �(�-�����������(� is a samplefor valuesof � � ,
thenwe approximate �� � with this sample(thewell-known theorem
by Glivenko-Cantelliensuresthis is a goodway to aproximatethe
realdistribution functionasthesamplesizebecomesbigger).

SampleSize Cut-off at 99% Cut-off at 95%
130,000 0.7700 0.5302
140,000 0.7696 0.5302
150,000 0.7694 0.5309
160,000 0.7682 0.5308
170,000 0.7682 0.5308
180,000 0.7682 0.5308

Table 2. Simulationof empiricaldistributionof ��

Simulationof differentsampleswill leadto agoodapproximation
of the real distribution function, andwe will be ableto infer from
therethe cut-off point at the significancelevels of 99% and 95%.
Table2 showsthedifferentsimulationsandresultsfor growing sam-
ples.As thesamplebecomesbigger, thecut-off pointsbecomemore
stable.Finally, wedecideto takeasinferredvalue� �G� �����-�3�/� tode-
terminethestatisticallysignificantinterestingnessof rulesat a level
of 99%,and ��� � �����- 3�3� at a level of 95%.Othermethodsto infer
thedensityfunction,andfrom therethedistribution function,could
have beenapplied:for instancekernelmethodsof non-parametrics
statistics,or fitting aJohnsoncurveto find theexactformula.

6 EXPERIMENTS AND CONCLUSIONS

We follow thefollowing one-stepstrategy: Order by �� those rules
� such that ��\¡��-¢M�x�����-�3�/� .

Since �� inducesa properorder, no morethanonesinglestepis
neededto pruneall the uninterestingrules. For syntheticdatawe
generatedsynthetic10,000initial associationrulessuchas in [13],
consideringthattheminimumsupportthresholdis £ � � , soall the
possiblerulesaregenerated.With justonestepthestrategy removes
all the uninterestingruleskeepingjust ¤3¤2  final rules,that have a
confidenceover99%.So,thesearethestrongerones.

The next goal is to performtestsusingreal databases.We used
a sampleof the USA censusfrom PUMS3 consistingof 3000-
transactiondatabaseof 80 possibleitems.In contrastwith synthetic
¥

www.ipums.umn.edu/usa/intro.html

experiments,we usednow a £ � �n�k¤-� andwe got a total of 26,164
initial associationrules.Thesetotal rulesareplotedin figure4. After
theprune,thereis only 142surviving rules;all of themturn to have
aconfidenceover 99%.It is worth notingthatourproposedmeasure
is objectiveandit doesnottakeinto accountany subjectiveconsider-
ations.Thus,oncethestrongestpatternsareseparatedfrom therest,
theusercanuseothersubjectivemeasuresof interestingnessover the
remainingrules(see[12]).

Figure4. Behaviour of thenew measurewith realdata

In this paperwe formalizetheoptimalpruneof associationrules
with acompletelyusefultestcreatedby amaximalharmlessthresh-
old, that is, a testwith ameasure¦�§ with propertiesP1andP2and
keepingaproperorderonrules.This formalizationallowstheevalu-
ationof currentdifferentmeasures.We alsopresenta new measure,
�� , that meetsall the necessaryrequirementsfor the optimal prune.
More experimentsshouldbeperformed.
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