
A Characterization of Linearly Compensated Hybrid
Connectives Used in Fuzzy Classifications
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Abstract. The study of linearly compensated hybrid connectives
H = λC +(1−λ)C̄, whereC is a t-norm and̄C represents the dual
connective ofC, to define aggregation operators for fuzzy classifica-
tions is a key point not only in fuzzy sets theory but also in learning
processes. Although these operators are not associative, the fact that
they can be decomposed into associative functions easily gives rise to
n-ary aggregation functions by straightforward iteration. Among the
most commonly used t-norms are those of Frank’s family, which are
simultaneously t-norms and copulas. The purpose of this paper is to
give a characterization of the hybrid connectiveH, via the properties
of the connectiveC. Necessary and sufficient conditions ofH that
defineC as a copula are given. The characterized hybrid connectives
H are used to compute the global adequacy degree of an object in a
class from marginal adequacy degrees in a learning system.
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1 INTRODUCTION

There are many ways to recognize an object as a member of a given
class. One of them is based on the concept of similarity between
objects, within a mathematical structure of binary relations in a set.
Another perhaps more primitive concept is the adequacy of an ob-
ject in a class, which can be treated as the membership function of a
particular fuzzy set [4],[1].

Within this context the study of linearly compensated hybrid con-
nectives to perform the aggregation of possibility functions will al-
low the epistemological attitude of the observer to be captured. In this
respect, fuzzy logic represents a mathematical tool for the modula-
tion of the different human attitudes, usually half way between two
extremes, from the strongest exigency to the loosest requirement. The
former corresponds to the simultaneous conjunction, and the latter is
associated with total disjunction.

This concept of linear compensation between diverse human atti-
tudes was implemented in LAMDA (Learning Algorithm for Multi-
variate Data Analysis) [4]. This learning algorithm is an incremental
conceptual clustering system based on the heuristic rule of maximum
adequacy to form classes, which has obtained good results in sev-
eral fields, such as segmentation of customer profiles in marketing.
It computes a global adequacy degree between the object and any of
the classes, and it assigns such object to the class with the maximum
adequacy degree. One of the advantages of this learning algorithm,
which is crucial in marketing studies, is that the adequacy of any ob-
ject to every class is computed and that it can be used to analyze the
overall performance of the population [1].
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The global adequacy degree of an object in a class is computed by
the ”connection” between the partial information or its marginal ad-
equacy degrees [2]. This generates a fuzzy partition on the initial set,
which will depend on the choice of the connectives used to operate
the fuzzy sets corresponding to marginal adequacy degrees. LAMDA
methodology uses a kind of hybrid connectives in its learning pro-
cess, which are linearly compensated between the conjunction and
the disjunction.

The aim of this paper is to present a characterization of the hybrid
connectiveH = λC + (1 − λ)C̄ obtained via linear convex com-
binations betweenC and its dual operator, via the properties of the
connectiveC.

2 LINEARLY COMPENSATED HYBRID
CONNECTIVES

From the most exigent point of view, two objects with at least one
different descriptor value are likely to be regarded as different and
assigned to different classes. This approach is associated with the
conjunction, or intersection, represented in fuzzy logic by t-norms.
The least exigent approach consists of considering that the objects
having at least one descriptor with the same value are likely to be
granted the same assignation. This is associated with the disjunction,
or union, represented in fuzzy logic by t-conorms, which are the dual
functions of t-norms [3].

LAMDA uses the convex linear combination, by means of a pa-
rameterλ ∈ [0, 1], of a special kind of t-norms (those of Frank’s
family [3]) and their dual t-conorms. It should be pointed out that
connectives in Frank’s family are simultaneously t-norms and n-
copulas and that n-copulas are important connectives in Probability
Theory since every n-dimensional distribution function is of the form
C(F1, . . . , Fn), whereC is a n-copula andF1, . . . , Fn are margin
functions. This family includes the most commonly used t-norms,
such as Min, Product or the Lukasievic t-norm. The hybrid connec-
tives considered in this work are linear convex combinations between
a 2-copula and its dual:

Definition 1 Thehybrid connectiveH associated with a 2-copula C
and a real numberλ ∈ [0, 1] is the binary operation on[0, 1] defined
by

H = λC + (1− λ)C, (1)

whereC is the dual operator ofC. The parameterλ is namedtoler-
ance parameterand allows a modulation of exigency-tolerance from
λ = 0 which corresponds to the caseH = C until λ = 1 which
corresponds to the caseH = C. For a given situation with a pre-
established number of classes and for a finite and fixed database, the
number of unrecognized elements is directly linked to the exigency
and therefore to the choice ofλ. By continuously varyingλ ∈ [0, 1],
all possible partitions can be obtained within a family of chosen con-
nectives and therefore a criterion for the choice ofλ.



3 A CHARACTERIZATION OF HYBRID
CONNECTIVES

This section provides a characterization of the hybrid connectives

H = λC + (1− λ)C (2)

whereC is the dual connective ofC (as in definition 6) andλ ∈
[0, 1].

Lemma 1 Letλ 6= 1/2 andC(x, y) = x+ y−C(x, y) be the dual
connective of a copulaC. ThenH = λC + (1 − λ)C if and only if
C satisfies, for allx, y in [0, 1]:

C(x, y) =
H(x, y)− (1− λ)(x + y)

2λ− 1

Proof:H = λC +(1−λ)C is equivalent toH(x, y) = λC(x, y)+
(1 − λ)(x + y − C(x, y)), and this is equivalent toC(x, y) =
H(x, y)− (1− λ)(x + y)

2λ− 1
.

Theorem 1 LetH be a binary operation on[0, 1] such that:

• H satisfies the following boundary conditions:

1. H(0, 0) = 0, H(1, 1) = 1

2. H(x, 0) = H(0, x) for all x ∈ [0, 1]

3. H has a linear behaviour on the boundaries

• H is 2-increasing ifλ > 1/2 and 2-decreasing ifλ < 1/2, where
λ is the slope of the straight liney = H(x, 1)

ThenC defined byC(x, y) =
H(x, y)− (1− λ)(x + y)

2λ− 1
is a cop-

ula, andH can be written asH = λC + (1− λ)C, whereC is the
dual copula.

Reciprocally, the connectiveH = λC + (1 − λ)C, with λ 6=
1/2, whereC is a copula andC its dual copula, satisfies the two
conditions of the former hypothesis.

Proof: LetH(x, 0) = H(0, x) = ax + b. The condition (1) implies
H(x, 0) = H(0, x) = ax.

Let H(x, 1) = mx + n, H(1, x) = px + q. The condition (1)
impliesH(x, 1) = mx + (1 − m) andH(1, x) = px + (1 − p).
Hence,H(1, 0) = a andH(1, 0) = 1− p, thena = 1− p.

Analogously,H(0, 1) = a andH(0, 1) = 1−m, thena = 1−m,
and sop = m. Therefore, takinga = 1− λ, the expression ofH on
the boundaries is:

• H(x, 0) = H(0, x) = (1− λ)x
• H(x, 1) = H(1, x) = λx + (1− λ)

Let us now check thatC(x, y) =
H(x, y)− (1− λ)(x + y)

2λ− 1
is a

2-copula:

C(x, 0) =
H(x, 0)− (1− λ)x

2λ− 1
=

(1− λ)x− (1− λ)x

2λ− 1
= 0

C(x, 1) =
H(x, 1)− (1− λ)(x + 1)

2λ− 1
=

1− λ + λx− (1− λ)x− (1− λ)

2λ− 1
= x

Analogously,C(0, x) = 0 andC(1, x) = x.
It remains to prove thatC is 2-increasing. Letx1 < x2 and

y1 < y2 be points of[0, 1]. C must satisfy the conditionC(x2, y1)−
C(x1, y1) ≤ C(x2, y2) + C(x1, y2), that is to say,

H(x2, y1)− (1− λ)(x2 + y1)−H(x1, y1) + (1− λ)(x1 + y1)

2λ− 1
≤

H(x2, y2)− (1− λ)(x2 + y2)−H(x1, y2) + (1− λ)(x1 + y2)

2λ− 1

In the caseλ > 1/2, this is equivalent to:

H(x2, y1)− (1− λ)(x2 + y1)−H(x1, y1) + (1− λ)(x1 + y1) ≤
H(x2, y2)− (1− λ)(x2 + y2)−H(x1, y2) + (1− λ)(x1 + y2),

or, what amounts to the same, to:

H(x2, y1)−H(x1, y1) ≤ H(x2, y2)−H(x1, y2),

which is the condition of 2-increasing forH, which is true by hy-
pothesis.

In the caseλ < 1/2, it appears thatH is 2-decreasing.
Finally, the expressionH = λC + (1 − λ)C is a direct result of

the lemma.
Reciprocally, it is straightforward to check that the connective

H = λC + (1 − λ)C, with λ 6= 1/2, C a copula andC its dual
copula, satisfies the two conditions of the former hypothesis.2

Whenλ 6= 1/2, lemma 1 guarantees the uniqueness ofC for a
hybrid connectiveH.

Whenλ = 1/2 the hybrid combination simplifies inH(x, y) =
1
2
(x + y). This is a special case, as we do not have the uniqueness of

C. Indeed, many copulas, when combined usingλ = 1/2, giveH =
1
2
(x + y). For example, withC(x, y) = min(x, y) andC(x, y) =

xy.
The first condition of the theorem is just the translation of the

boundary conditions due to the hybrid combination. The second con-
dition shows thatH increases (or decreases) like a 2-joint probabil-
ity distribution function. This similarity with pdf’s is because of the
close connection between copulas and pdf’s [3].

4 FUTURE WORK

From a theoretical point of view, future research is focused on two
lines. On the one hand, on the study of a characterization in the case
of a linear combination of a t-norm and its dual. On the other hand,
taking into account the crucial role played by copulas in probabil-
ity theory when computing multivariate distribution functions from
margins, its seems reasonable to conjecture a theorem of existence
of hybrid connectives defined starting from a copula and its dual to
obtain multivariate possibility functions from margins in fuzzy sets
theory.

ACKNOWLEDGEMENTS

This work has been partly funded by MCyT (Spanish Ministry of Sci-
ence and Technology) MERITO project (TIC2002-04371-C02/01).

REFERENCES
[1] N. Agell, J.C. Aguado,A hybrid qualitative-quantitative classification

technique applied to aid marketing decisions.Proc. ESOMAR Congress
and Trade Exhibition 2001 Rome (Italy), (2001).
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